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初期宇宙の熱⼒学
量⼦統計⼒学の復習（？）

温度Tの熱平衡状態にある質量mをもつ粒⼦の集団の分布関数

f(~k) =
1

exp
⇣

E(~k)�µ
kBT

⌘
± 1

~k :運動量

:エネルギー

μ:化学ポテンシャル

+:フェルミオン�
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kB ' 1.38⇥ 10�23 J ·K�1

' 8.62⇥ 10�5eV ·K�1
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初期宇宙の熱⼒学
粒⼦の内部⾃由度をgとすると，

:粒⼦数密度

のように計算できる

被積分関数は運動量の絶対値にしかよらないことに注意。
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圧⼒の表式について補⾜
z⽅向に垂直な⾯積要素ΔSを考える

時間Δtの間にこの⾯積を通過する，運動量がkとk+dkの
間の粒⼦の個数は，

相対論的な速度と運動量の関係から，

熱平衡状態における運動量の各成分の期待値に注⽬すると

ΔSが受ける⼒積から，上記粒⼦による圧⼒を割り出すと，
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初期宇宙の熱⼒学
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積分変数をエネルギーEに変換する

⇢ =
4⇡g

(2⇡)3

Z 1

0
E(k)f(k)k2dk =

g

2⇡2

Z 1

0
f(E)

p
E2 �m2E2dE

<latexit sha1_base64="ymCS2EJqk4X7KiQOHJYpA9Vza7k=">AAAC1nichVFLSxtRFD4ZrY/0YWw3BTfBYEkWlZOpUCkI0hJw6SsacJwwM7kTL/P0zk0gHdJdKbhy58KVhSKlP6Ob/gERf0JxqeBGwTOTgdKGtme4c7773e8799x7zdDlkUS8yCkjow/Gxicm8w8fPX4yVZh+uhUFHWGxuhW4gWiYRsRc7rO65NJljVAwwzNdtm0675L17S4TEQ/8TdkL2a5ntH1uc8uQRDUL+5rYC5Y0WxhWvK CFvNjux2WVQEV/1de4L5uox5Rt2evna2WnYtNwdLXlZCbSJ3JdHVLb5VpFi/aFjGu6+tIjBeVWrVko4TymURwG1QyUIIvVoHAKGrQgAAs64AEDHyRhFwyI6NuBKiCExO1CTJwgxNN1Bn3Ik7dDKkYKg1iH/m2a7WSsT/OkZpS6LdrFpSHIWYQ5PMOveIU/8Bv+xNu/1orTGkkvPcrmwMvC5tTB842b/7o8yhL2frn+2bMEGxbTXjn1HqZMcgpr4O++P7raeLM+F7/Az3hJ/Z/gBX6nE/jda+vLGls/hjw9QPXP6x4GW+p8lfDaQmn5bfYUEzADs1Cm+34Ny7ACq1Cnfc/hLjeWG1caygflo/JpIFVymecZ/BbK4T0ZlrNW</latexit><latexit sha1_base64="ymCS2EJqk4X7KiQOHJYpA9Vza7k=">AAAC1nichVFLSxtRFD4ZrY/0YWw3BTfBYEkWlZOpUCkI0hJw6SsacJwwM7kTL/P0zk0gHdJdKbhy58KVhSKlP6Ob/gERf0JxqeBGwTOTgdKGtme4c7773e8799x7zdDlkUS8yCkjow/Gxicm8w8fPX4yVZh+uhUFHWGxuhW4gWiYRsRc7rO65NJljVAwwzNdtm0675L17S4TEQ/8TdkL2a5ntH1uc8uQRDUL+5rYC5Y0WxhWvK CFvNjux2WVQEV/1de4L5uox5Rt2evna2WnYtNwdLXlZCbSJ3JdHVLb5VpFi/aFjGu6+tIjBeVWrVko4TymURwG1QyUIIvVoHAKGrQgAAs64AEDHyRhFwyI6NuBKiCExO1CTJwgxNN1Bn3Ik7dDKkYKg1iH/m2a7WSsT/OkZpS6LdrFpSHIWYQ5PMOveIU/8Bv+xNu/1orTGkkvPcrmwMvC5tTB842b/7o8yhL2frn+2bMEGxbTXjn1HqZMcgpr4O++P7raeLM+F7/Az3hJ/Z/gBX6nE/jda+vLGls/hjw9QPXP6x4GW+p8lfDaQmn5bfYUEzADs1Cm+34Ny7ACq1Cnfc/hLjeWG1caygflo/JpIFVymecZ/BbK4T0ZlrNW</latexit><latexit sha1_base64="ymCS2EJqk4X7KiQOHJYpA9Vza7k=">AAAC1nichVFLSxtRFD4ZrY/0YWw3BTfBYEkWlZOpUCkI0hJw6SsacJwwM7kTL/P0zk0gHdJdKbhy58KVhSKlP6Ob/gERf0JxqeBGwTOTgdKGtme4c7773e8799x7zdDlkUS8yCkjow/Gxicm8w8fPX4yVZh+uhUFHWGxuhW4gWiYRsRc7rO65NJljVAwwzNdtm0675L17S4TEQ/8TdkL2a5ntH1uc8uQRDUL+5rYC5Y0WxhWvK CFvNjux2WVQEV/1de4L5uox5Rt2evna2WnYtNwdLXlZCbSJ3JdHVLb5VpFi/aFjGu6+tIjBeVWrVko4TymURwG1QyUIIvVoHAKGrQgAAs64AEDHyRhFwyI6NuBKiCExO1CTJwgxNN1Bn3Ik7dDKkYKg1iH/m2a7WSsT/OkZpS6LdrFpSHIWYQ5PMOveIU/8Bv+xNu/1orTGkkvPcrmwMvC5tTB842b/7o8yhL2frn+2bMEGxbTXjn1HqZMcgpr4O++P7raeLM+F7/Az3hJ/Z/gBX6nE/jda+vLGls/hjw9QPXP6x4GW+p8lfDaQmn5bfYUEzADs1Cm+34Ny7ACq1Cnfc/hLjeWG1caygflo/JpIFVymecZ/BbK4T0ZlrNW</latexit><latexit sha1_base64="ymCS2EJqk4X7KiQOHJYpA9Vza7k=">AAAC1nichVFLSxtRFD4ZrY/0YWw3BTfBYEkWlZOpUCkI0hJw6SsacJwwM7kTL/P0zk0gHdJdKbhy58KVhSKlP6Ob/gERf0JxqeBGwTOTgdKGtme4c7773e8799x7zdDlkUS8yCkjow/Gxicm8w8fPX4yVZh+uhUFHWGxuhW4gWiYRsRc7rO65NJljVAwwzNdtm0675L17S4TEQ/8TdkL2a5ntH1uc8uQRDUL+5rYC5Y0WxhWvK CFvNjux2WVQEV/1de4L5uox5Rt2evna2WnYtNwdLXlZCbSJ3JdHVLb5VpFi/aFjGu6+tIjBeVWrVko4TymURwG1QyUIIvVoHAKGrQgAAs64AEDHyRhFwyI6NuBKiCExO1CTJwgxNN1Bn3Ik7dDKkYKg1iH/m2a7WSsT/OkZpS6LdrFpSHIWYQ5PMOveIU/8Bv+xNu/1orTGkkvPcrmwMvC5tTB842b/7o8yhL2frn+2bMEGxbTXjn1HqZMcgpr4O++P7raeLM+F7/Az3hJ/Z/gBX6nE/jda+vLGls/hjw9QPXP6x4GW+p8lfDaQmn5bfYUEzADs1Cm+34Ny7ACq1Cnfc/hLjeWG1caygflo/JpIFVymecZ/BbK4T0ZlrNW</latexit>

p =
4⇡g

3(2⇡)3

Z 1

0

k4

E(k)
f(k)dk =

g

6⇡2

Z 1

0
f(E)

�
E2 �m2

�3/2
dE

<latexit sha1_base64="RStkxZdoB/YVRHml+noU7j60x7M=">AAAC5nichZHPaxNBFMffbqvW1NrYggpegqGyObR92YRWBKEoAY/9YdpCtxt2N7PJsD/ZnQTSZQ9ePXiTHry0BRHxz+il/0AP/QtEPFbw4sGXzYJosH3LzvvOm/d582bGDF0eC8QLSZ6YvHHz1tTtwvSdmbuzxXtz23HQiyzWtAI3iHZNI2Yu91lTcOGy3TBihme6bMd0Xg7Xd/osinngvxaDkO17RsfnNrcMQaFW8U34XLMjw0 rqWshLnTSpKSqpil5LNe6LFuoJeVsM0sIoz9HradJQnEpq09B2cpzIFeJ0dQyzlUZFc5ktlIauLnq6qkW80xUVPaktq2m70SqWcQkzK42Lai7KkNt6UPwEGrQhAAt64AEDHwRpFwyI6duDKiCEFNuHhGIRKZ6tM0ihQGyPshhlGBR1aOzQbC+P+jQf1owz2qJdXPojIkuwgOf4GS/xDL/gN/z131pJVmPYy4C8OWJZ2Jp9+3Dr57WUR15A9w91Zc8CbHia9cqp9zCLDE9hjfj+weHl1rPNheQJnuB36v8YL/CUTuD3f1gfN9jmByjQA1T/ve5xsa0uVUlv1MtrL/KnmIJH8BgUuu9VWINXsA5N2verNCPdlx7IXfmd/F4+HKXKUs7Mw18mH/0Gf+W4rA==</latexit><latexit sha1_base64="RStkxZdoB/YVRHml+noU7j60x7M=">AAAC5nichZHPaxNBFMffbqvW1NrYggpegqGyObR92YRWBKEoAY/9YdpCtxt2N7PJsD/ZnQTSZQ9ePXiTHry0BRHxz+il/0AP/QtEPFbw4sGXzYJosH3LzvvOm/d582bGDF0eC8QLSZ6YvHHz1tTtwvSdmbuzxXtz23HQiyzWtAI3iHZNI2Yu91lTcOGy3TBihme6bMd0Xg7Xd/osinngvxaDkO17RsfnNrcMQaFW8U34XLMjw0 rqWshLnTSpKSqpil5LNe6LFuoJeVsM0sIoz9HradJQnEpq09B2cpzIFeJ0dQyzlUZFc5ktlIauLnq6qkW80xUVPaktq2m70SqWcQkzK42Lai7KkNt6UPwEGrQhAAt64AEDHwRpFwyI6duDKiCEFNuHhGIRKZ6tM0ihQGyPshhlGBR1aOzQbC+P+jQf1owz2qJdXPojIkuwgOf4GS/xDL/gN/z131pJVmPYy4C8OWJZ2Jp9+3Dr57WUR15A9w91Zc8CbHia9cqp9zCLDE9hjfj+weHl1rPNheQJnuB36v8YL/CUTuD3f1gfN9jmByjQA1T/ve5xsa0uVUlv1MtrL/KnmIJH8BgUuu9VWINXsA5N2verNCPdlx7IXfmd/F4+HKXKUs7Mw18mH/0Gf+W4rA==</latexit><latexit sha1_base64="RStkxZdoB/YVRHml+noU7j60x7M=">AAAC5nichZHPaxNBFMffbqvW1NrYggpegqGyObR92YRWBKEoAY/9YdpCtxt2N7PJsD/ZnQTSZQ9ePXiTHry0BRHxz+il/0AP/QtEPFbw4sGXzYJosH3LzvvOm/d582bGDF0eC8QLSZ6YvHHz1tTtwvSdmbuzxXtz23HQiyzWtAI3iHZNI2Yu91lTcOGy3TBihme6bMd0Xg7Xd/osinngvxaDkO17RsfnNrcMQaFW8U34XLMjw0 rqWshLnTSpKSqpil5LNe6LFuoJeVsM0sIoz9HradJQnEpq09B2cpzIFeJ0dQyzlUZFc5ktlIauLnq6qkW80xUVPaktq2m70SqWcQkzK42Lai7KkNt6UPwEGrQhAAt64AEDHwRpFwyI6duDKiCEFNuHhGIRKZ6tM0ihQGyPshhlGBR1aOzQbC+P+jQf1owz2qJdXPojIkuwgOf4GS/xDL/gN/z131pJVmPYy4C8OWJZ2Jp9+3Dr57WUR15A9w91Zc8CbHia9cqp9zCLDE9hjfj+weHl1rPNheQJnuB36v8YL/CUTuD3f1gfN9jmByjQA1T/ve5xsa0uVUlv1MtrL/KnmIJH8BgUuu9VWINXsA5N2verNCPdlx7IXfmd/F4+HKXKUs7Mw18mH/0Gf+W4rA==</latexit><latexit sha1_base64="RStkxZdoB/YVRHml+noU7j60x7M=">AAAC5nichZHPaxNBFMffbqvW1NrYggpegqGyObR92YRWBKEoAY/9YdpCtxt2N7PJsD/ZnQTSZQ9ePXiTHry0BRHxz+il/0AP/QtEPFbw4sGXzYJosH3LzvvOm/d582bGDF0eC8QLSZ6YvHHz1tTtwvSdmbuzxXtz23HQiyzWtAI3iHZNI2Yu91lTcOGy3TBihme6bMd0Xg7Xd/osinngvxaDkO17RsfnNrcMQaFW8U34XLMjw0 rqWshLnTSpKSqpil5LNe6LFuoJeVsM0sIoz9HradJQnEpq09B2cpzIFeJ0dQyzlUZFc5ktlIauLnq6qkW80xUVPaktq2m70SqWcQkzK42Lai7KkNt6UPwEGrQhAAt64AEDHwRpFwyI6duDKiCEFNuHhGIRKZ6tM0ihQGyPshhlGBR1aOzQbC+P+jQf1owz2qJdXPojIkuwgOf4GS/xDL/gN/z131pJVmPYy4C8OWJZ2Jp9+3Dr57WUR15A9w91Zc8CbHia9cqp9zCLDE9hjfj+weHl1rPNheQJnuB36v8YL/CUTuD3f1gfN9jmByjQA1T/ve5xsa0uVUlv1MtrL/KnmIJH8BgUuu9VWINXsA5N2verNCPdlx7IXfmd/F4+HKXKUs7Mw18mH/0Gf+W4rA==</latexit>



初期宇宙の熱⼒学
かつ化学ポテンシャルが０の場合kBT ⌧ m
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強い抑制効果（ボルツマン抑制）

⇢ =
g

2⇡2

Z p
E2 �m2e�E/kBTE2dE = nm+

3

2
nkBT

<latexit sha1_base64="NqS8JWeKDp9UL5GYrBoEJIjxYJE=">AAACsHichVFNa9RAGH4aa21XbVe9CF5Kl4ogbWejoAiFUlkQeunXtgtNNyTp7HbcZBInsws15A/0D3jwpCClePI3ePEPlNJbPZYeK3jx4JtsoNRi+4bMPPO87/POMzNu5ItYM3Y0YNwYvDl0a3ikdPvO3dGx8r37a3HYVR6ve6EfqobrxNwXkte10D5vRIo7gevzdbfzOsuv97iKRShX9U7ENwOnLUVLeI4myi4vWGo7nLVayv GSdpqYViSaZmoJqa34ndJJrWlOBcTwZjJVm+nY86spUVu1WRk87auekSqVWcYuV9g0y2P8MqgWoIIiFsPyHixsIYSHLgJwSGjCPhzE9G2gCoaIuE0kxClCIs9zpCiRtktVnCocYjs0tmm1UbCS1lnPOFd7tItPvyLlOCbZAdtnZ+wH+8pO2J//9kryHpmXHZrdvpZH9tjuw5Xf16oCmjW2z1VXetZo4WXuVZD3KGeyU3h9fe/9h7OVV8uTyWP2mZ2S/0/siH2nE8jeL+/LEl/+iBI9QPXf674M1szpKuGl55W5+eIphvEIE3hC9/0Cc3iDRdRp3284xDF+GqbRMGzD6ZcaA4XmAS6E8fYvbUOnGg==</latexit><latexit sha1_base64="NqS8JWeKDp9UL5GYrBoEJIjxYJE=">AAACsHichVFNa9RAGH4aa21XbVe9CF5Kl4ogbWejoAiFUlkQeunXtgtNNyTp7HbcZBInsws15A/0D3jwpCClePI3ePEPlNJbPZYeK3jx4JtsoNRi+4bMPPO87/POMzNu5ItYM3Y0YNwYvDl0a3ikdPvO3dGx8r37a3HYVR6ve6EfqobrxNwXkte10D5vRIo7gevzdbfzOsuv97iKRShX9U7ENwOnLUVLeI4myi4vWGo7nLVayv GSdpqYViSaZmoJqa34ndJJrWlOBcTwZjJVm+nY86spUVu1WRk87auekSqVWcYuV9g0y2P8MqgWoIIiFsPyHixsIYSHLgJwSGjCPhzE9G2gCoaIuE0kxClCIs9zpCiRtktVnCocYjs0tmm1UbCS1lnPOFd7tItPvyLlOCbZAdtnZ+wH+8pO2J//9kryHpmXHZrdvpZH9tjuw5Xf16oCmjW2z1VXetZo4WXuVZD3KGeyU3h9fe/9h7OVV8uTyWP2mZ2S/0/siH2nE8jeL+/LEl/+iBI9QPXf674M1szpKuGl55W5+eIphvEIE3hC9/0Cc3iDRdRp3284xDF+GqbRMGzD6ZcaA4XmAS6E8fYvbUOnGg==</latexit><latexit sha1_base64="NqS8JWeKDp9UL5GYrBoEJIjxYJE=">AAACsHichVFNa9RAGH4aa21XbVe9CF5Kl4ogbWejoAiFUlkQeunXtgtNNyTp7HbcZBInsws15A/0D3jwpCClePI3ePEPlNJbPZYeK3jx4JtsoNRi+4bMPPO87/POMzNu5ItYM3Y0YNwYvDl0a3ikdPvO3dGx8r37a3HYVR6ve6EfqobrxNwXkte10D5vRIo7gevzdbfzOsuv97iKRShX9U7ENwOnLUVLeI4myi4vWGo7nLVayv GSdpqYViSaZmoJqa34ndJJrWlOBcTwZjJVm+nY86spUVu1WRk87auekSqVWcYuV9g0y2P8MqgWoIIiFsPyHixsIYSHLgJwSGjCPhzE9G2gCoaIuE0kxClCIs9zpCiRtktVnCocYjs0tmm1UbCS1lnPOFd7tItPvyLlOCbZAdtnZ+wH+8pO2J//9kryHpmXHZrdvpZH9tjuw5Xf16oCmjW2z1VXetZo4WXuVZD3KGeyU3h9fe/9h7OVV8uTyWP2mZ2S/0/siH2nE8jeL+/LEl/+iBI9QPXf674M1szpKuGl55W5+eIphvEIE3hC9/0Cc3iDRdRp3284xDF+GqbRMGzD6ZcaA4XmAS6E8fYvbUOnGg==</latexit><latexit sha1_base64="NqS8JWeKDp9UL5GYrBoEJIjxYJE=">AAACsHichVFNa9RAGH4aa21XbVe9CF5Kl4ogbWejoAiFUlkQeunXtgtNNyTp7HbcZBInsws15A/0D3jwpCClePI3ePEPlNJbPZYeK3jx4JtsoNRi+4bMPPO87/POMzNu5ItYM3Y0YNwYvDl0a3ikdPvO3dGx8r37a3HYVR6ve6EfqobrxNwXkte10D5vRIo7gevzdbfzOsuv97iKRShX9U7ENwOnLUVLeI4myi4vWGo7nLVayv GSdpqYViSaZmoJqa34ndJJrWlOBcTwZjJVm+nY86spUVu1WRk87auekSqVWcYuV9g0y2P8MqgWoIIiFsPyHixsIYSHLgJwSGjCPhzE9G2gCoaIuE0kxClCIs9zpCiRtktVnCocYjs0tmm1UbCS1lnPOFd7tItPvyLlOCbZAdtnZ+wH+8pO2J//9kryHpmXHZrdvpZH9tjuw5Xf16oCmjW2z1VXetZo4WXuVZD3KGeyU3h9fe/9h7OVV8uTyWP2mZ2S/0/siH2nE8jeL+/LEl/+iBI9QPXf674M1szpKuGl55W5+eIphvEIE3hC9/0Cc3iDRdRp3284xDF+GqbRMGzD6ZcaA4XmAS6E8fYvbUOnGg==</latexit>



初期宇宙の熱⼒学
でかつ化学ポテンシャルが０の場合を考えるkBT � m
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初期宇宙の熱⼒学
でかつ化学ポテンシャルが０の場合を考えるkBT � m
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初期宇宙の熱⼒学
輻射優勢時期において，宇宙の温度は光⼦の温度に等しい
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有効⾃由度

全ての成分に対する全エネルギー密度と光⼦温度の関係は

温度のスケールより重い粒⼦のエネルギー密度に対する
寄与は強く抑制される。→軽い粒⼦だけが効く



標準模型の有効⾃由度
クォーク＆反クォーク スピン ⾊：⾚緑⻘±1

2
6種類

荷電レプトン＆反レプトン スピン±1

2
3種類

ニュートリノ スピン ±1

2
3種類 フェルミオン：⾃由度90

グルーオン８種類

Zボゾン スピン�‒1,0,1 W+&W‒ スピン�‒1,0,1

光⼦ 2偏極

ヒッグス スピン�0 ボゾン：⾃由度28

g⇤ =
7

8
⇥ 90 + 28 = 106.75



素粒⼦標準模型
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初期宇宙の熱⼒学
⼀般には，各粒⼦の温度の値は光⼦の温度と異なる。

この場合には，粒⼦の種類ごとに温度Tiが定義され，

⇢ =
⇡2

30
g⇤(T )T

4

g⇤(T ) =
X

Boson,m⌧Ti

gi

✓
Ti

T

◆4

+
X

Fermion,m⌧Ti

7

8
gi

✓
Ti

T

◆4



初期宇宙の熱⼒学
熱⼒学第１法則 dU = TdS � pdV +

X

i

µidNi

各種密度を考える ⇢ =
U

V
s =

S

V
ni =

Ni

V
 
Ts� p� ⇢+

X

i

µini

!
dV +

 
Tds� d⇢+

X

i

µidni

!
V = 0

⼀定体積の系に対しては，Tds = d⇢�
X

i

µidni

全系に対して， s =
⇢+ p�

P
i µini

T

特に，化学ポテンシャルを無視すると， s =
⇢+ p

T



エントロピー密度
に対して先ほどの結果を適⽤するs =

⇢+ p

T

si =
4

3

⇢i
T

=

8
>>><

>>>:

7

8
gi
2⇡2

45
T 3 ϑΣϧϛΦϯ

gi
2⇡2

45
T 3 Ϙκϯ

si =
5

2
ni +

mi

T
ni

⾮相対論的粒⼦（温度に⽐べて重い粒⼦）の場合

相対論的粒⼦（温度に⽐べて軽い粒⼦）の場合

エントロピーへの寄与も，軽い粒⼦が⽀配的



エントロピー密度
輻射優勢時期の全エントロピー密度は，s = g⇤

2⇡2

45
T 3

各粒⼦の温度の値が光⼦の温度と異なる場合は，

g⇤S(T ) =
X

Boson,m⌧Ti

gi

✓
Ti

T

◆3

+
X

Fermion,m⌧Ti

7

8
gi

✓
Ti

T

◆3

s =
2⇡2

45
g⇤S(T )T

3



有効⾃由度の変化

This should be compared to the decay rate of the rho meson,
!"!0.15 GeV. Thus there is plenty of time for rho mesons
in the tail of their thermal distribution to thermalize in colli-
sions against pions.
One comes to the same conclusion when one studies the

reaction #""→#"": the reaction rate is then 1.7
#104 GeV for an approximate cross section of 0.1 mb.
One also comes to the same conclusion when one turns to

heavier meson resonances and to baryon resonances. We
therefore include all known meson and baryon resonances
$6% up to 3 GeV mass in the sums in g* and g*S at tempera-tures below Tc . This is the procedure followed also by the
earlier studies $1–3,7%.
In spite of the strong exponential decrease in the number

density of non-relativistic species with heavy masses mi
$Tc , such species will contribute significantly below Tc .
For example the proton and neutron contribute 0.25 each to
g*(T) at T!150 MeV &versus an unattenuated 3.5' even
though their mass of roughly 939 MeV is 6.3 times higher.
The sum of unattenuated mesonic and baryonic degrees of
freedom below 3 GeV mass is gmesons!495 and gbaryons
!320, respectively. As a result g*(T) rises quite rapidly fortemperatures above T!100 MeV.
Near the transition temperature Tc the ideal gas approxi-

mation breaks down and the transition from the deconfined
quark phase to the confined hadronic phase can only be stud-
ied with finite temperature lattice simulations. No reliable
value for Tc has yet been obtained, but it is believed to be
near 170 MeV $8%. Srednicki et al. $2% proposed that the
transition may be smooth and bracketed by the cases Tc
!150 MeV and 400 MeV. Their procedure to obtain smooth
curves in the context of the bag model has been elucidated
only by Sarkar in a footnote on p. 1513 $4% which refers to a
private communication from K. A. Olive. But whether the
change is smooth or discontinuous still remains open $8%.
In Fig. 1 we plot g*(T) and g*S(T) as &almost'discon-

tinuous functions of logT for the range 100 GeV $T
$10 keV. For purposes of the figure we have somewhat
arbitrarily chosen the discontinuity at Tc!200 MeV &as in
$3%'and a smoothing naive transition function that mixes the
quark and hadronic phases over a range of roughly 5 MeV on
either side of Tc . Since it is quite laborious to calculate the

curves in Fig. 1 and difficult to read them precisely there, we
give here some numerical approximations over the range T
!155–300 MeV. For the hadronic phase we have

g*&T'!2.388#10%4 T2.287, max error 5.3%,

g*S&T'!3.631#10%4 T2.192, max error 5.5%. &8'

For the quark phase we have

g*&T'!24.604#T0.1713, max error 0.2%,

g*S&T'!22.961#T0.1810, max error 0.2%. &9'
It is instructive to exhibit g*(T) in the quark phase andthe hadronic phase separately, as we have done in Fig. 2.

This shows a very well defined crossover at 235 MeV. Tak-
ing this temperature to be Tc one obtains a curve that is
indistinguishable from the curves in Fig. 1 &because of the
logarithmic scales'. The crossover temperature is defined
quite precisely due to the steepness of the hadronic phase,
but it does of course depend to some extent on the precision
of the hadronic resonance energies, as well as on unknown
particles and interactions above 1 TeV.
Our most interesting conclusion is that a plain count of

the effective degrees of freedom sets an upper limit to the
temperature of the quark-hadron transition. From the g*(T)crossover one has

Tc&235 MeV, &10'

and from the g*S(T) crossover

Tc&245 MeV. &11'

Higher Tc values would give an unphysical spike and
lower values would increase the discontinuous drop in
g*(T) just below Tc .

We thank Kari Enqvist and Rocky Kolb for useful discus-
sions.

FIG. 1. Effective degrees of freedom for the energy density
g*(T) and for the entropy density g*S(T). The quark-hadron tran-sition is chosen to occur at 200 MeV.

FIG. 2. Effective degrees of freedom g*(T) due to the quarkand hadronic phases, respectively. For the quark phase we have
taken Tc!150 MeV, for the hadronic phase Tc!300 MeV. The
crossover occurs at 235 MeV.

BRIEF REPORTS PHYSICAL REVIEW D 68, 027702 &2003'

027702-2

T.S.�Coleman,�M.�Roos,�Phys.�Rev.�D68,�027702(2003)

[MeV]



共動座標系でのエントロピー

ところで，

T
dS

dt
⌘ T

d(a3s)

dt
= Ts

da3

dt
+ a3T

ds

dt
= a3


(⇢+ p) · 3 ȧ

a
+ ⇢̇

�
= 0

フリードマン⽅程式→

d(a3s)

dt
= 0 共動座標系でのエントロピーは変化しない



共動座標系でのエントロピー
この性質は，例えば次のような場合に利⽤される
バリオン数−反バリオン数を考える

(nB � nB̄)a
3 =ఆ

100GeV以下の温度では，バリオン数は保存する。

sa3 =ఆ⼀⽅， であるから，

�B =
nB � nB̄

s
=ఆ

膨張宇宙でのバリオン数の起源などを議論する場合に便利

ただし，伝統的には，⌘B =
nB � nB̄

n�
が⽤いられる。



エントロピー密度と光⼦数密度

現在の有効⾃由度は， g⇤S0 ' 3.938g⇤0 ' 3.384

なお，現在の輻射のエネルギー密度は，

光⼦(2⾃由度のボゾン,質量0)の数密度は

n� =
2⇣(3)

⇡2
T 3

温度が電⼦質量(511keV)以下になって以降のエントロピー
密度と光⼦の数密度の⽐は⼀定であり，

n�

s
=

45⇣(3)

⇡4g⇤S0
= 0.141 ' 1

7

⇢r0 =
⇡2

30
g⇤0T

4
0 ' 7.84⇥ 10�34g/cm3

T0 = 2.72548 Kのように計算される。



宇宙膨張と温度
共動体積のエントロピーが保存することから

sa3 =
2⇡2

45
g⇤ST

3a3 =
2⇡2

45
g⇤S0T

3
0 a

3
0

現在の値

T =
g1/3⇤S0

g1/3⇤S a
T0

有効⾃由度が変化しない場合，膨張とともに宇宙は冷える

有効⾃由度が減少すると，温度の冷却がその分緩まる

T / a�1



宇宙膨張と温度
輻射優勢時期を考える

⇢ =
⇡2

30
g⇤(T )T

4

をフリードマン⽅程式に代⼊する H
2 =

8⇡G⇢

3

H =

r
4⇡3g⇤
45

T
2

mpl
' 1.660

p
g⇤

T
2

mpl
mpl = G�1/2

輻射優勢時期のハッブル定数の温度依存性


