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1 Tree Lagrangian

The standard model for the electroweak theory is the renormalizable gauge theory whose gauge
group is SU(2)×U(1). We denote the generators of the gauge group as T a(a = 0, 1, 2, 3) where
indices a = 1, 2, 3 and a = 0 correspond to SU(2) group and U(1) group, respectively. The
generator of U(1) group Y (= T 0) is called hypercharge. Since it is Abelian, T0 commutes all
generators. We use the same notation for the generator and its matrix representation. The
normalization of T a is determined by

Tr(T aT b) =
1

2
δab. (1)

The algebra of generators is
[T a, T b] = ifabcT c, (2)

where fabc are called as structure constants. The generators follow the Jacobi identity as

[T a, [T b, T c]] + [T b, [T c, T a]] + [T c, [T a, T b]] = 0, (3)

or
f bcxfaxy + f caxf bxy + fabxf cxy = 0. (4)

The structure constants for SU(2)× U(1) is given by

fabc =

(
εabc (a, b, c 6= 0)
0 (others)

. (5)

Explicit matrix representations for doublets are as follows.

T a =
1

2
σa, (a = 1, 2, 3) σ1 =

Ã
0 1
1 0

!
, σ2 =

Ã
0 −i
i 0

!
, σ3 =

Ã
1 0
0 −1

!
. (6)

Here σa are Pauli matrices.
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The group SU(2) × U(1) breaks down spontaneously as is described later related to Higgs
field. After the breakdown, the remaining symmetry is the electro-magnetic symmetry Uem(1)
whose charge Q is given by

Q = I3 + Y (7)

where I3 is the eigenvalue of T 3. The strength of interaction is determined by the two couplings
g and g0.

g · · ·SU(2) g0 · · ·U(1) (8)

The theory is constructed by the following fields.

1. Gauge fields

In the classical sense, the gauge vector bosons are the media of electroweak force. We have
4-component gauge fieldsW a

µ (a = 0, 1, 2, 3) for the group SU(2)×U(1). Later, they become
physical Aµ, Zµ,W

±
µ after absorbing longitudinal freedom through Higgs mechanism. At

this stage, W a
µ ’s are massless and obey the symmetry SU(2)× U(1). They belongs to the

adjoint representation of the gauge group:

δW a
µ = ∂µθ

a + gfabcW b
µθ
c (9)

where θa(x) are the c-number functions for the gauge transformation. It should be noted
that since f0bc = 0 we do not need to use g0 for these equations. However, sometimes it is
convenient to introduce a notation

ga =

(
g (a = 1, 2, 3)
g0 (a = 0)

. (10)

When we use the notation ga, the summation over a is often suppressed.

The field strength F aµν

F aµν = ∂µW
a
ν − ∂νW a

µ + gf
abc W b

µW
c
ν (11)

is covariant by the transformation Eq.9. We sometimes use the short-hand notation

∂[µWν] = ∂µWν − ∂νWµ. (12)

The relation
δF aµν = gf

abcF bµνθ
c. (13)

holds with the help of Jacobi identity. Since δ(F aµνF
aµν) = 2δF aµνF

aµν = 0, we can define
the gauge invariant Lagrangian for the gauge fields:

L(gauge) = −1
4
F aµνF

aµν (14)

We separate this Lagrangian by the order of fields as

L(gauge) = L(2)(gauge) + L(3)(gauge) + L(4)(gauge). (15)

The bilinear term is

L(2)(gauge) = −1
4
∂[µW

a
ν]∂

[µW aν] =
1

2
W a
µ (∂α∂

αgµν − ∂µ∂ν)W a
ν . (16)

As the operator ∂α∂
αgµν−∂µ∂ν has no inverse, the covariant propagator cannot be defined.

The gauge fixing resolves this point.
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2. Matter fields

The matter fields are fermions and scalars. They belong to the fundamental representation
of the gauge group. If we write a matter field as φ(x), its gauge transformation is given
by

δφ = i
X
a

gaθaT aφ. (17)

Below, we drop the summation symbol for a. (Of course, a pair of an index implicitly means
the summation over the index. However, here three a’s appear, so that the summation is
shown explicitly.) The covariant derivative of a matter field is defined by

Dµφ = ∂µφ− igaW a
µT

aφ (18)

and
δ(Dµφ) = iθ

agaT aDµφ. (19)

Then the gauge invariant matter Lagrangian can be the combination of the following terms.

ψ̄iγµDµψ, (Dµφ)
†(Dµφ), φ†φ. (20)

By Eq.6, the explicit form of the covariant derivative is

SU(2) doublet Dµ =

Ã
∂µ − igW 3

µ/2− ig0YW 0
µ −ig(W 1

µ − iW 2
µ)/2

−ig(W 1
µ + iW

2
µ)/2 ∂µ + igW

3
µ/2− ig0YW 0

µ

!
, (21)

SU(2) singlet Dµ = ∂µ − ig0YW 0
µ . (22)

Now we explicitly specify the matter fields with their quantum numbers. In the table, the
generic names (e.g., f , qL and so on) are also shown. Though it is not explicitly shown,
the quarks have color degree of freedom.

fermion(f) I3 Y Q

left-handed fermion (fL)

quark (qL) · · ·
Ã
UL
DL

! Ã
uL
dL

!
,

Ã
cL
sL

!
,

Ã
tL
bL

! Ã
1
2
−1

2

!
1
6

Ã
2
3
−1

3

!

lepton (lL) · · ·
Ã
UL
DL

! Ã
νe
eL

!
,

Ã
νµ
µL

!
,

Ã
ντ
τL

! Ã
1
2
−1

2

!
-12

Ã
0
−1

!
right-handed fermion (fR)
quark (qR) · · ·UR uR, cR, tR 0 2

3
2
3

· · ·DR dR, sR, bR 0 −1
3 −1

3
lepton (lR) · · ·UR eR, µR, τR 0 −1 −1

scalar(φ) I3 Y Q

(See next section.)
1√
2

Ã
iχ1 + χ2

v +H − iχ3

! Ã
1
2
−1

2

!
1
2

Ã
1
0

!

The suffixes L and R represent the left- and right-handed components, respectively.

ψL = Lψ =
1

2
(1− γ5)ψ, ψR = Rψ =

1

2
(1 + γ5)ψ. (23)
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The ”bar” of ψ is defined as usual
ψ̄ = ψ†γ0 (24)

so that
ψ̄L = ψ̄R, ψ̄R = ψ̄L ⇒ ψ̄1Lψ2L = ψ̄1Rψ2R = 0. (25)

The mass term for fermions should appear as ∼ mψ̄LψR + (h.c.). However, as is shown
in the table, it is impossible to write the mass term explicitly without breaking gauge
invariance. We can make the combination ∼ f̄LφfR and the fermion mass terms are
generated from the vacuum expectation value of φ. Then the coupling of fermion and
scalar turns to be proportional to the mass of fermion. This is explicitly shown in Sec.2.2.

The matter Lagrangian becomes as follows:

L(fermion) + L(salar) (26)

Fermionic part is

L(fermion) =
X
f̄Liγ

µDµfL +
X
f̄Riγ

µDµfR = L(f, kin) + L(g − f) (27)

where the sum is for the all left-handed doublets and all right-handed singlets. Scalar part
is

L(scalar) = L(s, kin) + L(s− f) + L(pot) (28)

where
L(s, kin) = (Dµφ)

†(Dµφ), (29)

L(s− f) = −
X
fU f̄Lφ̃UR −

X
fDf̄LφDR + (h.c.), (30)

L(pot) = −V (φ) = µ2φ†φ− λ(φ†φ)2. (31)

The last term, L(pot) is related the spontaneous symmetry breakdown as is discussed in
Sec.2.3. In the scalar-fermion interaction term, we use the notation

φ̃ = iσ2φ∗ (32)

under the representation in Eq.6. The φ̃ transforms as follows. When we take the complex
conjugate of Eq.17,

δφ∗ = −i
X

a=1,2,3

gθa
1

2
(σa)∗φ∗ − ig0θ0T 0φ∗. (33)

Since for Pauli matrices the relation

(σ2)−1σa(σ2) = −(σa)∗ (34)

holds,
δφ̃ = i

X
a=1,2,3

gθaT aφ̃− ig0θ0T 0φ̃. (35)

Thus φ̃ has the same SU(2) transformation property as φ and its hypercharge is −Y .
3. Ghost fields

Through the gauge fixing, we are to introduce auxiliary field and ghost fields. This is
discussed in Sec.3.
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2 Higgs sector

In this section we study terms of L(scalar) in Eq.28 in detail. The parts L(s, kin), L(s − f),
and L(pot), are discussed in Sec.2.1, Sec.2.2, and Sec.2.3, respectively.

2.1 Higgs mechanism

The potential part of scalar, Eq.31, has non trivial minimum since it has a negative coefficient
in quadratic term. The minimum is the vacuum expectation value of the field φ. The fields used
in the perturbation are to be defined as the fluctuation around the minimum.

As given in the last section, the scalar field φ is defined as

φ =
1√
2

Ã
iχ1 + χ2

v +H − iχ3

!
=

Ã
iχ+

(v +H − iχ3)/
√
2

!
(36)

where χ± = (χ1 ∓ iχ2)/
√
2. We have introduced v in order to represent the non-trivial vacuum

expectation value as in Sec.2.3. At this stage, v is just a parameter in the theory, and as will
be discussed below, v is determined by three physical parameters, e,MW ,MZ .(Eq.47)

From the definition of the electric charge(Q = T 3 + Y , Eq.7) and the covariant derivative
in Eq.21 and Eq.22, the photon field Aµ should be contained in the neutral gauge bosons as
W 3 ∼ Cg0A and W 0 ∼ CgA. Another physical neutral gauge boson Zµ is defined orthogonal to
Aµ. Also, we define the charged boson states.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Aµ =
g0W 3

µ + gW
0
µp

g2 + g02
= sWW

3
µ + cWW

0
µ

Zµ =
gW 3

µ − g0W 0
µp

g2 + g02
= cWW

3
µ − sWW 0

µ

W±
µ =

W 1
µ ∓ iW 2

µ√
2

(37)

where the notation

cW =
gp

g2 + g02
, sW =

g0p
g2 + g02

(38)

is used. The reversed relations are⎧⎪⎪⎪⎨⎪⎪⎪⎩
W 0
µ = cWAµ − sWZµ

W 3
µ = sWAµ + cWZµ

W 1
µ = (W

+
µ +W

−
µ )/
√
2

W 2
µ = i(W

+
µ −W−µ )/

√
2

(39)

By use of these definitions, Eq.21 and Eq.22 become as below.

SU(2) doublet Dµ =Ã
∂µ − ieQAµ − ie(I3 −Qs2

W )/sW cWZµ − ieW+
µ /
√
2sW

−ieW−µ /
√
2sW ∂µ − ieQAµ − ie(I3 −Qs2

W )/sW cWZµ

!
, (40)

SU(2) singlet Dµ = ∂µ − ieQAµ + ieQsW
cW
Zµ (41)
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where

e =
gg0p
g2 + g02

, g =
e

sW
, g0 =

e

cW
. (42)

As in the table, the charge of φ field is

Ã
1
0

!
. We explicitly write down L(s, kin) substituting

Eq.36 and Eq.40.

Dµφ =⎛⎜⎜⎜⎜⎜⎝
i

µ
∂µχ

+ − ev

2sW
W+
µ

¶
+ e

Ã
−i 1

2sW
W+
µ H −

1

2sW
W+
µ χ3 +Aµχ

+ +
1− 2s2

W

2sW cW
Zµχ

+

!

1√
2

µ
∂µH − i

µ
∂µχ3 − ev

2sW cW
Zµ

¶¶
+

e√
2sW

µ
W−µ χ

+ +
1

2cW
Zµχ3 + i

1

2cW
ZµH

¶
⎞⎟⎟⎟⎟⎟⎠ (43)

We separate this Lagrangian by the order of fields as

L(s, kin) = (Dµφ)
†Dµφ = L(2)(s, kin) + L(3)(s, kin) + L(4)(s, kin). (44)

The bilinear part is as follows:

L(2)(s, kin) = (∂µχ
− −MWW

−
µ )(∂

µχ+ −MWW
+µ) +

1

2
(∂µχ3 −MZZµ)

2 +
1

2
(∂µH)

2 (45)

where
MW =

ev

2sW
, MZ =

ev

2sW cW
. (46)

This term provides mass terms for gauge bosons Z,W±. By Eq.46, the parameter v is given by

v =
2sWMW

e
=
2
q
M2
Z −M2

WMW

eMZ
(47)

If we redefine the fields as

W̃±
µ =W

±
µ −

1

MW
∂µχ

±, Z̃µ = Zµ − 1

MZ
∂µχ3, (48)

the fields of unphysical particles, χ’s, becomes just auxiliary fields. This is the Higgs mechanism,
i.e., massless Goldstone bosons are absorbed as longitudinal part of vector fields.

We do not use this redefinitions here since the gauge fixing is not yet done. The discussion
continues to Sec.3.4.

The rest of the Lagrangian is as follows.

L(3)(s, kin) = − e

2sW
(∂µχ

− −MWW
−
µ )W

+µH + h.c.

−i e

2sW
(∂µχ

− −MWW
−
µ )

Ã
− 1

2sW
W+µχ3 +A

µχ+ +
1− 2s2

W

2sW cW
Zµχ

+

!
+ h.c.

+
e

2sW
∂µH

µ
W+µχ− +W−µχ+ +

1

cW
Zµχ3

¶

− e

2sW cW
(∂µχ3 −MZZµ)Z

µH + i
e

2sW
(∂µχ3 −MZZµ)(W

−µχ+ −W+µχ−)

(49)
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This can be written as

L(3)(s, kin) = L(3,SSV )(s, kin) + L(3,V V S)(s, kin) (50)

where

L(3,SSV )(s, kin) = ieAµ(χ
−↔
∂µ

χ+) + i
e(1− 2s2

W )

2sW cW
Zµ(χ

−↔
∂µ
χ+) +

e

2sW cW
Zµ(χ3

↔
∂µ
H)

+
e

2sW

µ
W+
µ (χ

−↔
∂µ
H) +W−µ (χ

+↔
∂µ
H)

¶

+i
e

2sW

µ
−W+

µ (χ
−↔
∂µ
χ3) +W

−
µ (χ

+↔
∂µ

χ3)

¶
,

(51)

and
L(3,V V S)(s, kin) =

e

sW
MWW

−
µ W

+µH +
e

2sW cW
MZZµZ

µH

+ie(MWAµ − sWMZZµ)(W
−µχ+ −W+µχ−).

(52)

Here the notation
a
↔
∂µ
b = a(∂µb)− (∂µa)b (53)

is used.

L(4)(s, kin) = e2

Ã
+i

1

2sW
W−µ H −

1

2sW
W−µ χ3 +Aµχ

− +
1− 2s2

W

2sW cW
Zµχ

−
!

×
Ã
−i 1

2sW
W+µH − 1

2sW
W+µχ3 +A

µχ+ +
1− 2s2

W

2sW cW
Zµχ+

!

+
e2

2s2
W

µ
W+
µ χ
− +

1

2cW
Zµχ3 − i 1

2cW
ZµH

¶

×
µ
W−µχ+ +

1

2cW
Zµχ3 + i

1

2cW
ZµH

¶
.

(54)

This can be written as

L(4)(s, kin) = e2AµA
µχ+χ− +

e2(1− 2s2
W )

sW cW
AµZ

µχ+χ−

+
e2

8s2
W c

2
W

ZµZ
µ
³
2(1− 2s2

W )
2χ+χ− + (H2 + χ2

3)
´

+
e2

4s2
W

W−µ W
+µ(H2 + χ2

3 + 2χ
+χ−)

− e2

2sW

h
i(W+

µ A
µχ− −W−µ Aµχ+)H + (W+

µ A
µχ− +W−µ A

µχ+)χ3

i

+
e2

2cW

h
i(W+

µ Z
µχ− −W−µ Zµχ+)H + (W+

µ Z
µχ− +W−µ Z

µχ+)χ3

i
.

(55)
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2.2 Interaction with fermion

The interaction term between fermion and scalar is as follows.(Eq.30)

L(s− f) = −P fU
¡
ŪL D̄L

¢Ã 1√
2
(v +H + iχ3)

iχ−

!
UR + (h.c.)

−P fD
¡
ŪL D̄L

¢Ã iχ+

1√
2
(v +H − iχ3)

!
DR + (h.c.).

(56)

We separate the mass terms and interaction terms.

L(s− f) = L(2)(s− f) + L(3)(s− f) (57)

L(2)(s− f) = −
X
mf f̄ f (58)

where

mU,D =
fU,Dv√
2
. (59)

L(3)(s− f) = −
X mf

v
f̄fH

−
X
i
mU

v
Ūγ5Uχ3 +

X
i
mD

v
D̄γ5Dχ3

−
X
i

√
2mU

v
D̄RUχ− +

X
i

√
2mD

v
D̄LUχ−

−
X
i

√
2mD

v
ŪRDχ+ +

X
i

√
2mU

v
ŪLDχ+

(60)

Here the relation(Eq.47)
1

v
=

e

2sWMW
(61)

is to be used.

2.3 Scalar potential

The field φ is parameterized by Eq.36. Then

φ†φ =
v2

2
+ vH +

1

2
H2 +

1

2
χ2

3 + χ+χ− (62)

and the potential part in Eq.31 is given as follows:

L(pot) = const.+ v(µ2 − λv2)H + L(2)(pot) + L(3)(pot) + L(4)(pot) (63)

where

L(2)(pot) =
1

2
(µ2 − 3λv2)H2 +

1

2
(µ2 − λv2)χ2

3 + (µ
2 − λv2)χ+χ−, (64)

L(3)(pot) = −λv(H3 +Hχ2
3 + 2Hχ

+χ−), (65)

L(4)(pot) = −λ
Ã
H4

4
+
χ4

3

4
+ (χ+χ−)2 +

H2χ2
3

2
+H2χ+χ− + χ2

3χ
+χ−

!
. (66)

8



Here, we introduce two new notations instead of µ2 and λ. (v is defined in Sec.2.1.)

T = v(µ2 − λv2), (67)

M2
H = 2µ

2. (68)

By these notations L(pot) becomes as follows:

L(pot) = const.+ TH + L(2)(pot) + L(3)(pot) + L(4)(pot) (69)

where

L(2)(pot) = −1
2

µ
M2
H −

3T

v

¶
H2 +

1

2

T

v
χ2

3 +
T

v
χ+χ−, (70)

L(3)(pot) =

Ã
T

v2
− eM2

H

4sWMW

!
(H3 +Hχ2

3 + 2Hχ
+χ−), (71)

L(4)(pot) =

Ã
T

v3
− e2M2

H

8s2
WM

2
W

!Ã
H4

4
+
χ4

3

4
+ (χ+χ−)2 +

H2χ2
3

2
+H2χ+χ− + χ2

3χ
+χ−

!
. (72)

In the tree level, if we require the condition that v specify the minimum of the potential, we
obtain T = 0. So we can set T = 0 for the definition of tree Feynman rules. For the tadpole
renormalization, we keep this notation. The terms in L(2)(pot) corresponds to the masses of
scalar particles. In the tree level, the physical Higgs particle H acquires the mass MH and the
masses of χ’s are 0, i.e., they are Goldstone bosons related to the broken symmetry. The terms
in L(3)(pot) and L(4)(pot) are the interaction terms between scalars.

Now we check that T = 0 determines the potential minimum. The potential part of scalar,
Eq.31, can be written as follows.

V (φ) = λ

Ã
(φ†φ)− µ

2

2λ

!2

− µ
4

4λ
(73)

and we define

< φ†φ >=
v2

2
=
µ2

2λ
. (74)

Thus T = 0 corresponds to the minimum of tree potential.

2.4 L(gauge) and L(fermion) in physical fields

In Sec.1, the Lagrangian for gauge field is defined by Eq.14 and that for fermion is done by
Eq.27. We have defined physical fields by Eq.39. In this subsection, we write L(gauge) and
L(fermion) by these fields.

1. L(gauge)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F 0
µν = cW∂[µAν] − sW∂[µZν]

F 3
µν = sW∂[µAν] + cW∂[µZν]ig(W

−
µ W

+
ν −W−ν W+

µ )

F 1
µν =

1√
2
(∂[µW

+
ν] + ∂[µW

−
ν] )

+ ie√
2sW

[(W+
µ −W−µ )(sWAν + cSZν)− (W+

ν −W−ν )(sWAµ + cSZµ)]
F 2
µν =

i√
2
(∂[µW

+
ν] − ∂[µW

−
ν] )

+ e√
2sW

[−(W+
µ +W

−
µ )(sWA

ν + cSZ
ν) + (W+

ν +W
−
ν )(sWA

µ + cSZ
µ)]

(75)
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The we obtain the followings:

L(2)(gauge) = −1
4
∂[µAν]∂

[µAν] − 1
4
∂[µZν]∂

[µZν] − 1
2
∂[µW

−
ν]∂

[µW+ν] (76)

L(3)(gauge) = −
µ
ie

2
∂[µAν] +

iecW
2sW

∂[µZν]

¶
(W−µW+ν −W−νW+µ)

+
ie

2sW

³
∂[µW

+
ν]W

−µ − ∂[µW
−
ν]W

+µ
´
(sWA

ν + cWZ
ν)

(77)

L(4)(gauge) = +
e2

4s2
W

(W−µ W
+
ν −W−ν W+

µ )(W
−µW+ν −W−νW+µ)

− e2

2s2
W

W−µ W
+µ(sWAν + cWZν)(sWA

ν + cWZ
ν)

+
e2

4s2
W

(W−µ W
+
ν +W

−
ν W

+
µ )(sWA

µ + cWZ
µ)(sWA

ν + cWZ
ν)

(78)

2. L(fermion)

L(fermion) = L(f, kin) + L(g − f)

=
X

(U,D)

Ã
ŪL
D̄L

!
iγµDµ(UL DL) +

X
U

ŪRiγ
µDµUR +

X
D

D̄Riγ
µDµDR (79)

and derivative Dµ is given in Eq.40 and Eq.41.

L(f, kin) =
X
f

f̄ iγµ∂µf (80)

L(f, g − f) = e√
2sW

X
(U,D)

ŪγµLDW+
µ + D̄γ

µLUW−µ

+e
X
f

Qf̄γµfAµ

+
e

2sW cW

X
f

f̄γµ[2I3L− 2Qs2
W ]fZµ

(81)

3 Gauge fixing

3.1 Auxiliary fields

Based on the gauge principle, the Lagrangian is constructed so that it is invariant under the
gauge transformation. However, this means that the gauge fields have redundant freedom. In
order to construct quantum theory of gauge fields, we must choose only the independent modes.
Thus the gauge fixing condition is introduced.

Here, we implicitly assume the quantization by the path integral method. The gauge fixing
condition can be written as

F a[W ] = fa(x) (82)

10



where f(x)’s are a set of arbitrary function. Here, F [W ] is a function of gauge fields to fix
the gauge. For an instance, F a[W ] = ∂µW a

µ determines so-called covariant gauge. To use this
condition, we insert hyper-product of delta functionsY

x,a

δ (F a[W ]− fa(x)) (83)

into the path-integral formula for the transition amplitude.
The physical result should be independent of the explicit form of f(x). The role of f(x) is

to choose one representative point from a gauge trajectory and each point on a trajectory is
equivalent to each other. So it makes no change when we average over f(x). We consider the
following integral Z

Df exp
∙
i

Z
d4x

µ
− 1
2ξ
fa(x)fa(x)

¶¸
= (const.) (84)

and since it is a constant we can multiply it to the transition amplitude. Here ξ is an arbitrary
number and called as the gauge parameter.

We introduce another variable Ba(x) and convert the above constant.Z
DBDf exp

∙
i

Z
d4x

µ
ξ

2
Ba(x)Ba(x) +Ba(x)fa(x)

¶¸
= (const.) (85)

When we integrate over Ba(x), Eq.85 becomes Eq.84. (Overall infinite number has no sense as
usual.)

We multiply the gauge fixing condition, Eq.83, the constant number given by Eq.85, and
integrate over fa(x) to getZ

DB exp
∙
i

Z
d4x

µ
ξ

2
Ba(x)Ba(x) +Ba(x)F a[W ]

¶¸
. (86)

If we integrate over Ba(x), Eq.86 turns to

exp

∙
i

Z
d4x

µ
− 1
2ξ
(F a[W ])2

¶¸
. (87)

We can conclude as follows. The gauge fixing Eq.83 is equivalent to either of the following
procedures.

1. Add a term

− 1
2ξ
(F a[W ])2 (88)

into the original Lagrangian.

2. Introduce a new field B and add terms

ξ

2
BaBa +BaF a[W ] (89)

into the original Lagrangian. The field Ba is called as auxiliary fields since they have no
kinetic terms like (∂µB)

2.

The Eq.89 for charged fields is as follows:

ξB+B− +B+F− +B−F+ (90)

11



Then B± = (B1 ∓ iB2)/
√
2 gives

ξ

2
(B1B1 +B2B2) +B1(F+ + F−)/

√
2 + iB2(F+ − F−)/

√
2

=
ξ

2
(B1B1 +B2B2) +B1F 1 +B2F 2 (91)

to give Eq.88 after integration.

3.2 BRS symmetry

The introduction of the gauge fixing term given in the last subsection leads another counter
action. The systematic treatment can be done through the idea of a new symmetry princi-
ple. In Sec.1, we already defined the gauge symmetry of the theory in classical level. The
BRS symmetry can be considered as the symmetry for the quantum theory. The use of BRS
symmetry provides us the clear understanding about the structure of gauge theory, including
unitarity, renormalizability and so forth. We construct the quantized electroweak theory by the
formulation based on the BRS symmetry.

The transformation of fields by the BRS symmetry is obtained by the replacement

θa(x)→ Λca(x) (92)

in the classical transformation in Sec.1. Here, both Λ and ca(x) are Grassmann variables and
the latter ca(x) is called as the ghost field. Corresponding to Eq.9 and Eq.17, the BRS variation
for gauge fields and matter fields is given by

∆W a
µ = Λ(∂µc

a + gfabcW b
µc
c) (93)

and
∆φ = Λ(i

X
a

gacaT aφ). (94)

We introduce a modified BRS variation δB as

∆(· · ·) = ΛδB(· · ·). (95)

Since we have separated Λ, δB itself has Grassmann nature, i.e.,

δB(AB) =

(
δB(A)B +AδB(B) (A not Grassmann)
δB(A)B −AδB(B) (A Grassmann)

. (96)

In the last subsection we have introduced the auxiliary fields. We introduce the anti-ghost
field, c̄a, so that its BRS variation gives B field. The BRS variation of fields is summarized as
follows:

δBW
a
µ = ∂µc

a + gfabcW b
µc
c (97)

δBφ = i
X
a

gacaT aφ (98)

δBc
a = −1

2
gfabccbcc (99)

δB c̄
a = Ba (100)

δBB
a = 0 (101)

12



The BRS variation δB is nilpotent, i.e.,

δ2
B(· · ·) = 0. (102)

The variation of the fields above satisfies the nilpotency. As a matter of fact, δBc
a is fixed by

the nilpotency as shown below. For the matter fields,

δB(δBφ) = ig
a[δB(c

a)T aφ− caT aigacbT bφ] = 0 (103)

is realized if

δB(c
a)T a = igacacbT aT b = ga

i

2
cacb[T a, T b] = −ga 1

2
fabccacbT c (104)

where we have used that ca is Grassmann. This proves Eq.99. The check of nilpotency for other
fields are as follows: For Eq.97,

δ2
BW

a
µ = ∂µ(−1

2
gfabccbcc) + gfabc[(∂µc

b + gf bxyW x
µ c
y)cc +W b

µ(−
1

2
gf cxycxcy)] = 0 (105)

since

−1
2
fabcf cxycxcy = −1

2
(+facxf cyb + facyf cbx)cxcy = +facxf cbycxcy (106)

and for Eq.99

δ2
Bc

a = −g1
2
fabc(−g1

2
f bxycxcycc + cbg

1

2
f cxycxcy) = +g2 1

2
g2fabcf bxycxcycc = 0 (107)

since

fabcf bxycxcycc =
1

3
(fabcf bxycxcycc + fabcf bxycycccx + fabcf bxycccxcy) = 0 (108)

Here, the Jacobi identity in Eq.4 is used. δ2
B c̄

a = 0 and δ2
BB

a = 0 are trivial.

Here, we have shown that each field component is nilpotent(Eq.102). Then if A and
B are both nilpotent (δ2

BA = δ2
BB = 0), the product AB is also nilpotent.

δ2
B(AB) = δB [δB(A)B + σAδB(B)]

= σ0δB(A)δB(B) + σδB(A)δB(B)
(109)

where σ and σ0 are signature factors defined in Eq.96, σ for A and σ0 for δBA. Since
the Grassmann property of A differs from that of δBA, σ

0 = −σ, so that δ2
B(AB) = 0.

This proves that any function constructed by nilpotent fields is nilpotent.

For the later use, we write Eq.97 and Eq.98 in physical fields defined in Sec.2.1 and Sec.2.3.
The definition of charged ghost fields is c± = (c1 ∓ ic2)/√2 and cA, cZ are defined as the same
way as Aµ, Zµ in Eq.39.

δBW
±
µ = ∂µc

± ± ie
µ
W±
µ c

A +
cW
sW
W±
µ c

Z −Aµc± − cW
sW
Zµc

±
¶

(110)

δBZµ = ∂µc
Z + ie

cW
sW

³
W−µ c

+ −W+
µ c
−´ (111)

δBAµ = ∂µc
A + ie

³
W−µ c

+ −W+
µ c
−´ (112)
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In order to determines the BRS variation of scalars , we write Eq.98 by real components as

δB
1√
2

Ã
iχ1 + χ2

v +H − iχ3

!
=
i

2

Ã
gc3 + g0c0 g(c1 − ic2)
g(c1 + ic2) −gc3 + g0c0

!
1√
2

Ã
iχ1 + χ2

v +H − iχ3

!
(113)

and separate the real part and the imaginary part to get the following relations.

δBχ
± =

e

2sW
[c±(v +H)∓ ic±χ3]± ie

Ã
cAχ± +

1− 2s2
W

2sW cW
cZχ±

!
(114)

δBH = − e

2sW
(c−χ+ + c+χ−)− e

2sW cW
cZχ3 (115)

δBχ3 = −i e

2sW
(c−χ+ − c+χ−) + e

2sW cW
cZ(v +H) (116)

3.3 Gauge fixing by BRS symmetry

Now we are ready to determine the Lagrangian of gauge theory in quantum level.

• The tree Lagrangian in Sec.1, L(gauge) +L(fermion) +L(scalar) is BRS invariant since
the BRS transformation is obtained by the replacement in Eq.92.

• The explicit form of the BRS variation is determined before the introduction of gauge
fixing terms. So the present method is independent of the way how gauge is fixed.

• We request that the total Lagrangian is BRS invariant. The gauge fixing is done by the
addition of terms in Eq.89 to the tree Lagrangian. By the nilpotency of δB,

δB(c̄
aF a) (117)

is BRS invariant. This becomes as follow:

δB(c̄
aF a) = BaF a − c̄aδBF a. (118)

The first term gives one term in Eq.89 and the other term BaBa is BRS invariant by
Eq.101. (And still ξ is arbitrary.) Thus the Lagrangian

L = L(gauge) + L(fermion) + L(scalar) +
ξ

2
BaBa + δB(c̄

aF a) (119)

is BRS invariant and includes gauge fixing terms.

• The total Lagrangian is
L = L(gauge) + L(fermion) + L(scalar) + L(G.F.) + L(F.P.) (120)

where

L(G.F.) =
ξ

2
BaBa +BaF a, (121)

L(F.P.) = −c̄aδBF a. (122)

The latter name show that this term is first obtained by Faddeev-Popov through path
integral quantization. Later, we discuss the renormalization. It should be noted that the
gauge fixing terms are written in the renormalized fields.

14



3.4 Linear gauge fixing

Before the discussion on the non-linear gauge, we describe the conventional linear covariant
gauge. Since the gauge fixing terms are to be written in renormalized physical fields, we use the
suffix A,Z,W to specify terms.

The linear gauge fixing terms in Eq.88 form are as follows:

L(G.F.) = LW (G.F.) + LZ(G.F.) + LA(G.F.) (123)

LW (G.F.) = − 1

ξW
F+F−, F± = ∂µW±

µ + ξWMWχ
±

LZ(G.F.) = − 1

2ξZ
(FZ)2, FZ = ∂µZµ + ξZMZχ3

LA(G.F.) = − 1
2ξ
(FA)2, FA = ∂µAµ

(124)

We sum all bosonic bilinear terms.

1. Kinetic term for gauge fields, L(2)(gauge) in Eq.76

2. Kinetic term for scalar fields, L(2)(s, kin) in Eq.45

3. Bilinear term in the scalar potential, L(2)(pot) in Eq.70

4. L(G.F.) (above)

Then we obtain the following results.

L(2)(boson) = −1
2
∂[µW

−
ν]∂

[µW+ν] − 1

ξW
∂µW−µ ∂

νW+
ν +M

2
WW

−
µ W

+µ

−1
4
∂[µZν]∂

[µZν] − 1

2ξZ
(∂µZµ)

2 +
1

2
M2
Z(Zµ)

2

−1
4
∂[µAν]∂

[µAν] − 1

2ξ
(∂µAµ)

2

+∂µχ
−∂µχ+ − ξWM2

Wχ
−χ+ +

1

2
(∂µχ3)

2 − 1
2
ξZM

2
Zχ

2
3 +

1

2
(∂µH)

2 − 1
2
M2
HH

2

+
3T

2v
H2 +

T

2v
χ2

3 +
T

v
χ+χ−

(125)
It will be useful to derive the propagators of gauge bosons here. We write

L(2)(boson) = −W−µ DµνWW+
ν −

1

2
ZµDµνZ Zν −

1

2
AµDµνA Aν + · · · (126)

where

DµνW = −∂α∂αgµν +
µ
1− 1

ξW

¶
∂µ∂ν −M2

W g
µν , (127)

DµνZ = −∂α∂αgµν +
µ
1− 1

ξZ

¶
∂µ∂ν −M2

Zg
µν , (128)
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DµνA = −∂α∂αgµν +
µ
1− 1

ξ

¶
∂µ∂ν . (129)

The inverse of D is defined as
Dµν(D−1)νρ = g

µ
ρ . (130)

The inverse can be calculated solving Dµν(agνρ + b∂ν∂ρ) = gµρ . They are

(D−1
W )µν = −

1

∂α∂α +M2
W

Ã
gµν − (1− ξW ) ∂µ∂ν

∂α∂α + ξWM
2
W

!
, (131)

(D−1
Z )µν = −

1

∂α∂α +M2
Z

Ã
gµν − (1− ξZ) ∂µ∂ν

∂α∂α + ξWM2
Z

!
, (132)

(D−1
A )µν = −

1

∂α∂α

µ
gµν − (1− ξ) ∂µ∂ν

∂α∂α

¶
. (133)

These functions D−1 are propagators of gauge bosons.

1. It should be noted that the gauge fixing terms are chosen so as to cancel the transition
terms between W,Z and χ (e.g., MW∂µχ

+W−µ) which appear in L(2)(s, kin).

2. Higgs particle H is a real particle of mass MH .

3. The poles of W , Z, and A are MW , MZ , and 0, respectively.

4. χ particles seem to appear, though their ’squared masses’ are ξWM
2
W and ξZM

2
Z . The fact

that the ’mass’ is gauge dependent is the feature of unphysical particles.

5. If we take ξW , ξZ → ∞, the ’mass’ of χ’s becomes infinity, so that χ’s decouple from the
real world. This is the unitary gauge. It corresponds to the case in which χ’s are absorbed
by redefinition of gauge fields by Eq.48. (Formally, there is no gauge fixing terms when
ξW , ξZ →∞.)

6. If we take ξ = ξW = ξZ = 1, the numerator of propagators is proportional to gµν . This
helps the practical calculation and is called as ’tHooft-Feynman gauge.

3.5 Non-linear gauge fixing

Non-linear gauge is an extension of the last subsection and the common points are skipped here.
The gauge fixing terms in non-linear gauge is as follows:

F± =
µ
∂µ ∓ ieα̃Aµ ∓ iecW

sW
β̃Zµ

¶
W±
µ + ξW

µ
MWχ

± +
e

2sW
δ̃Hχ± ± i e

2sW
κ̃χ3χ

±
¶

FZ = ∂µZµ + ξZ

µ
MZχ3 +

e

2sW cW
ε̃Hχ3

¶

FA = ∂µAµ

(134)

Here, α̃, β̃, δ̃, κ̃, ε̃ are non-linear gauge parameters specific to this gauge.
It can be seen that the linear terms are common to those in the linear gauge.

L(G.F.) = L(2)(G.F.) + L(3)(G.F.) + L(4)(G.F.) (135)
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Since there is no change in the bilinear terms, L(2)(G.F.) , the statements in the last subsection
also hold here. However, this gauge includes new interaction terms which depend on α̃, β̃, δ̃, κ̃, ε̃.
The change is confined only in the bosonic sector, and there is no change in the fermion inter-
action with bosons. Also there appears difference in the ghost sector as is discussed in the next
subsection.

Non-linear gauge parameter dependent terms are as follows:

L(3)(G.F.) = ie

Ã
α̃

ξW
Aµ +

cW
sW

β̃

ξW
Zµ
!
(W+

µ ∂
νW−ν −W−µ ∂νW+

ν )

+ie

µ
α̃MWA

µ +
cW
sW

β̃MWZ
µ
¶
(W+

µ χ
− −W−µ χ+)

− e

2sW
δ̃(∂µW−µ χ

+ + ∂µW+
µ χ
−)H − i e

2sW
ε̃(∂µW−µ χ

+ − ∂µW+
µ χ
−)χ3

− e

2sW cW
κ̃∂µZµχ3H

−ξW e

sW
δ̃MWχ

+χ−H − ξZ e

2sW cW
ε̃MZχ

2
3H

(136)

L(4)(G.F.) = − e
2

ξW
[α̃2AµW−µ A

νW+
ν + α̃β̃(ZµW−µ A

νW+
ν +A

µW−µ Z
νW+

ν ) + β̃2ZµW−µ Z
νW+

ν ]

−ie2 1

2sW
α̃δ̃(AµW−µ χ

+ −AµW+
µ χ
−)H − ie2 cW

2s2
W

β̃δ̃(ZµW−µ χ
+ − ZµW+

µ χ
−)H

+e2 1

2sW
α̃κ̃(AµW−µ χ

+ +AµW+
µ χ
−)χ3 + e

2 cW
2s2
W

β̃κ̃(ZµW−µ χ
+ + ZµW+

µ χ
−)χ3

−ξW e2

4s2
W

δ̃2H2χ+χ− − ξW e2

4s2
W

κ̃2χ2
3χ

+χ− − ξZ e2

8s2
W c

2
W

ε̃2H2χ2
3

(137)
As above, several gauge-dependent interaction terms are added. Sometimes this helps us to

control the interaction. For an instance, we compare L(3)(G.F.) with L(3,V V S)(s, kin) in Eq.52.
Then we find the followings:

α̃ = 1 ⇒ AWχterms vanish (138)

β̃ = −s
2
W

c2W
⇒ ZWχterms vanish (139)

If we specify the non-linear gauge parameter to such value, we can reduce the number of Feynman
diagrams for a process. (If we have a diagram including AWW vertex, we always have another
diagram of the same structure but with AWχ vertex as long as the W line is an internal line.)
This feature has been utilized to simplify the hand computation.

3.6 Ghost sector in the non-linear gauge

We have already known how to construct the ghost Lagrangian in Sec.3.3. The form is given
by Eq.122. Corresponding to three gauge fixing conditions, we use ghost fields, c±, cZ , cA, and
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anti-ghost fields as c̄±, c̄Z , c̄A, respectively. The calculation of δBF can be done using Eq.110 ∼
Eq.116.

L(F.P.) = LW (F.P.) + LZ(F.P.) + LA(F.P.) (140)

LW (F.P.) = −c̄+δBF− − c̄−δBF+, LZ(F.P.) = −c̄ZδBFZ , LA(F.P.) = −c̄AδBFA. (141)

LA(F.P.) = L
(2)
A (F.P.) + L

(3)
A (F.P.) (142)

L
(2)
A (F.P.) = −c̄A∂µ∂µcA (143)

L
(3)
A (F.P.) = ie(∂

µc̄A)(W−µ c
+ −W+

µ c
−) (144)

Here and in the following, we frequently use the replacement

c̄∂X → −(∂c̄)X
to put the derivative on an anti-ghost field as convention.

LZ(F.P.) = L
(2)
Z (F.P.) + L

(3)
Z (F.P.) + L

(4)
Z (F.P.) (145)

L
(2)
Z (F.P.) = −c̄Z∂µ∂µcZ − ξZM2

Z c̄
ZcZ (146)

L
(3)
Z (F.P.) = ie

cW
sW
(∂µc̄Z)(W−µ c

+ −W+
µ c
−)

−ξZ e

2sW cW
MZ(1 + ε̃)c̄ZcZH

+iξZ
e

2sW
MZ(c̄

Zc−χ+ − c̄Zc+χ−)

(147)

L
(4)
Z (F.P.) = ξZ

e2

4s2
W c

2
W

ε̃
³
−c̄ZcZH2 + c̄ZcZχ2

3

+icW (c̄
Zc−χ+ − c̄Zc+χ−)H + cW (c̄

Zc−χ+ + c̄Zc+χ−)χ3

´ (148)

LW (F.P.) = L
+
W (F.P.) + L

−
W (F.P.) = −c̄+δBF− − c̄−δBF+ (149)

Below only the first term (+ term) is shown. The second term is be given by the similar formulas.

L+
W (F.P.) = L

+(2)
W (F.P.) + L

+(3)
W (F.P.) + L

+(4)
W (F.P.) (150)

L
+(2)
W (F.P.) = −c̄+∂µ∂µc− − ξWM2

W c̄
+c− (151)

L
+(3)
W (F.P.) = −ie cW

sW
[(∂µc̄+)W−µ c

Z + β̃c̄+W−µ (∂
µcZ)] − ie[(∂µc̄+)W−µ cA + α̃c̄+W−µ (∂

µcA)]

+ie
cW
sW
[(∂µc̄+)Zµc

− − β̃c̄+Zµ(∂µc−)] + ie[(∂µc̄+)Aµc
− − α̃c̄+Aµ(∂µc−)]

−ξW e

2sW
MW (1 + δ̃)c̄+c−H − iξW e

2sW
MW (1− κ̃)c̄+c−χ3

+iξW
e

2sW cW

³
1− 2s2

W + κ̃
´
MW c̄

+cZχ− + iξW eMW c̄
+cAχ−

(152)
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L
+(4)
W (F.P.) = e2α̃

µ
− cW
sW
c̄+cZAµW

−µ − c̄+cAAµW−µ + c̄+c−AµAµ + cW
sW
c̄+c−AµZµ

¶

e2 cW
sW

β̃

µ
− cW
sW
c̄+cZZµW

−µ − c̄+cAZµW−µ + cW
sW
c̄+c−ZµZµ + c̄+c−ZµAµ

¶

+e2

Ã
α̃+

c2W
s2
W

β̃

!
(−c̄+c−W+

µ W
−µ + c̄+c+W−µ W

−µ)

+ξW
e2

2sW
δ̃

Ã
− 1

2sW
c̄+c−H2 − i 1

2sW
c̄+c−Hχ3 + i

1− 2s2
W

2sW cW
c̄+cZHχ− + ic̄+cAHχ−

!

+ξW
e2

2sW
κ̃

Ã
+i

1

2sW
c̄+c−Hχ3 − 1

2sW
c̄+c−χ2

3 +
1− 2s2

W

2sW cW
c̄+cZχ3χ

− + c̄+cAχ3χ
−
!

+ξW
e2

4s2
W

δ̃

µ
+c̄+c−χ+χ− + c̄+c+(χ−)2 +

1

cW
c̄+cZχ3χ

−
¶

+ξW
e2

4s2
W

κ̃

µ
+c̄+c−χ+χ− − c̄+c+(χ−)2 + i 1

cW
c̄+cZHχ−

¶
(153)

4 Lagrangian and parameters

4.1 Full Lagrangian

First, we summarize the total tree Lagrangian of the standard model in the non-linear gauge.

1.free part

gauge boson L(2)(boson) Eq.125 (see also Eq.126)

fermion L(f, kin) + L(2)(s− f) Eq.80, Eq.58

higgs and χ L(2)(boson) Eq.125

ghost L
(2)
A,Z,W (F.P.) Eq.143, Eq.146, Eq.151

2.Interaction part, bosonic

L(3)(gauge) Eq.77 vvv

L(4)(gauge) Eq.78 vvvv

L(3,V V S)(s, kin) Eq.52 vvs

L(3,SSV )(s, kin) Eq.51 ssv

L(4)(s, kin) Eq.55 vvss

L(3)(pot) Eq.71 sss

L(4)(pot) Eq.72 ssss

L(3)(G.F.) Eq.136 vvv, vvs, ssv

L(4)(G.F.) Eq.137 vvvv, vvss, ssss

3.Interaction part, fermionic
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L(f, g − f) Eq.81 ffv

L(3)(s− f) Eq.60 ffs

4.Interaction part, ghost

L
(3)
A,Z,W (F.P.) Eq.144, Eq.147, Eq.152 ggv, ggs

L
(4)
Z,W (F.P.) Eq.148, Eq.153 ggvv, ggss

5.Tadpole term

TH term Eq.63 TH

4.2 Parameters

The parameters in the theory are as follows:

g, g0, v, µ2,λ, {fU , fD} (154)

These are replaced by the following physical parameters.

e,MW ,MZ ,M
2
H , T, {mf} (155)

The first set of parameters are written by the physical parameters. (Eq.67, Eq.68, Eq.38, Eq.42,
Eq.46, Eq.59)

We sometimes use the notations sW , cW , v just as the shorthand of

sW =

q
M2
Z −M2

W

MZ
, cW =

MW

MZ
, v =

2sWMW

e
=
2
q
M2
Z −M2

WMW

eMZ
. (156)

Numerical values of these parameters given in 1999 PDG report are as follows:

e(= e/
√
ε0ch̄) 0.3029

(α−1) 137.036
MW 80.41± 0.10
MZ 91.187± 0.007

(cW =MW /MZ) 0.8818

(sW =
q
M2
Z −M2

W /MZ) 0.4716

(v = 2sWMW /e) 250.5

In the tree level, as in Eq.67,
T = v(µ2 − λv2). (157)

The parameter T is not an exact independent parameter. Discussed in Sec.2.1 and in Sec.2.3.
If we specify that the v is potential minimum, then T = 0 is required. This means that under
the minimum condition, either of µ2 or λ is not independent.

5 Perturbation

In this section, we briefly review the perturbative method in the quantum field theory. For
simplicity, we deal with a scalar field φ(x) of mass m.
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The S-matrix element describes the interaction of fundamental particles. By the LSZ reduc-
tion formula, the S-matrix for the process (p1, p2, · · · , pn)→ (p01, p02, · · · , p0m) is

Sfi =< f |i >=< p01, p02, · · · , p0m|p1, p2, · · · , pn >
=

mY
k=1

µ
i

Z
d4ykf

∗(p0k)Dyk

¶ nY
j=1

µ
i

Z
d4xjf(pj)Dxk

¶
Gn+m(y1, y2, · · · , ym, x1, x2, · · · , xn)

(158)
where GN is the N -point Green function

GN (x1, x2, · · · , xN ) =< 0|T [φ(x1)φ(x2) · · ·φ(xN )]| >, (159)

Dx = ∂µ∂
µ + m2 is the inverse propagator, and f(k) is the wave function for the external

particle of momentum k. In the definition of Green function, φ is the renormalized Heisenberg
field (

√
Zφ = φH where φH is the Heisenberg field) and T stands for the T -product. The relation

of S-matrix and Green function is depicted in Fig.1.

f(p1)

f(p2)

f∗(p01)

f∗(p02)

p1

p2

p01

p02

(a) Sfi (b) Gn

Figure 1: S-matrix and Green function for a two-to-two process

Next, we introduce the generating functional of Green functions.

Z[j] =< 0|T exp[i
Z
d4xJ(x)φ(x)]|0 > (160)

Here the source, J(x), is c-number quantity. If we differentiate Z[J ] by J(x), we obtain the
Green functions. This is the reason we call Z[J ] as generating functional of Gn.

Gn(x1, x2, · · · , xn) =
µ
−i δ

δJ(x1)

¶µ
−i δ

δJ(x2)

¶
· · ·
µ
−i δ

δJ(xn)

¶
Z[J ]

¯̄̄̄
J=0

(161)

Sources are set to be 0 after taking derivative.
When we use the path-integral method, Z[J ] is written as follows.

Z[J ] = N

Z
[dφ] exp

∙
i

Z
d4x{L[φ(x)] + J(x)φ(x)}

¸
(162)

where N is a (infinite) constant, φ(x) is a classical (c-number) field corresponds to φ(x), and
[dφ] =

Q
x dφ(x) is the (hyper-)product of integration by the field. The Lagrangian is given by

L[φ] =
1

2
∂µφ∂

µφ− 1
2
φ2 + LI [φ] = −1

2
φDφ+ LI [φ] (163)

where LI is the interaction Lagrangian.
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The evaluation of Eq.162 is done by the following method. We replace φ in LI by the
derivative δ/dJ .

Z[J ] = N exp

∙
i

Z
d4xLI [−iδ/dJ ]

¸ Z
[dφ] exp

∙
i

Z
d4x{−1

2
φDφ+ J(x)φ(x)}

¸
(164)

The integral [dφ] can be done by the Gaussian integral.Z
[dφ] exp

∙
i

Z
d4x{−1

2
φDφ+ J(x)φ(x)}

¸

=

Z
[dφ] exp

∙
i

Z
d4x{−1

2
(φ− JD−1)D(φ−D−1J) +

1

2
JD−1J}

¸

= (const.) exp

∙
i

Z
d4x

1

2
JD−1J

¸
(165)

Thus,

Z[J ] = N 0 exp
∙
i

Z
d4xLI [−iδ/dJ ]

¸
exp

∙
i

Z
d4x

1

2
JD−1J

¸
. (166)

Here the Gaussian integral is performed by understandingZ
d4x

1

2
φDφ =

Z
d4xd4y

1

2
φ(x)D(x, y)φ(y), (D(x, y) = D(x)δ(x− y))

andZ
d4x

1

2
JD−1J =

Z
d4xd4y

1

2
J(x)D−1(x, y)J(y),

µZ
d4zD(x, z)D−1(z, y) = δ(x− y)

¶
where D−1(x, y) = ∆F (x, y) is the propagator.

The evaluation of Eq.166 is straightforward and it gives conventional Feynman rules. For an
explicit demonstration, we assume

LI [φ] = gφ3. (167)

Then we calculate the 2-point Green function of O(g2).

G2(x, y) =

µ
−i δ

δJx

¶Ã
−i δ

δJy

!
N 0 1
2
(ig)2

µ
−i δ

δJa

¶3 µ
−i δ

δJb

¶3

exp

∙
i

Z
d4x

1

2
JD−1J

¸
. (168)

Here we expand the interaction part and keep g2 terms only. After the derivative, we put J = 0,
so that the non-zero contribution comes 4-th order term of the exp[· · ·].

G2(x, y) =

µ
−i δ

δJx

¶Ã
−i δ

δJy

!
N 0 1
2
(ig)2

µ
−i δ

δJa

¶3 µ
−i δ

δJb

¶3

× i
4

4!

1

2
J1∆

12
F J2

1

2
J3∆

34
F J4

1

2
J5∆

56
F J6

1

2
J6∆

78
F J8

(169)

In the above, Jk = J(xk), ∆
jk
F = ∆(xj , xk), and the integral for a, b, 1,∼ 8 is not shown explicitly.

Expanding this equation, we obtain various terms which are shown in Fig.2.
The comparison between Fig.2 and terms Eq.169 tells the correspondence:
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(a)

(b)

(c)

(d)

(e)

x

x
x

x

x

y

y

y

y

y

a

a

a

a

a

b

b

b

b

b

Figure 2: Diagrams for G2 in O(g2)

internal vertex · · · ig
connection line · · · ∆F

In this manner, the Feynman rules can be constructed. Here, we skip the discussion on the
statistical weight for identical particles.

As is shown in Fig.2, G includes several unnecessary terms. Terms (a) and (b) are to be
separated from others. We introduce the generating functional for connected part.

iW [J ] = logZ[J ] (170)

In case on G2 in O(g2),

δ2W [J ]

δJ(x)δJ(y)
=

1

Z[J ]

δ2Z[J ]

δJ(x)δJ(y)
− 1

Z2[J ]

δZ[J ]

δJ(x)

δZ[J ]

δJ(y)
(171)

Here, 1/Z[J ] in the first term cancels (c) and (d) in Fig.2 and the second term cancels (e). The
constant N vanishes when we use W [J ] instead of Z[J ].

6 Feynman rules

Basic Feynman rules follow the so-called Kyoto convention. A particle at the endpoint enters
into the vertex. For an instance, if a line is denoted as W+, then the line shows either the
incoming W+ or the outgoing W−. The momentum assigned to a particle is defined as inward
except for the case of a ghost particle for which the momentum is defined along the flow of ghost
number.

6.1 Construction of Feynman rules

The relation between the rules in the following subsections and those in the conventional text-
books are as follows.
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Kyoto Kyoto → textbook textbook

Amplitude T ×i iT
Propagator i < φφ > ×− i < φφ >
Vertex Lint ×i iLint

Loop

Z
d4l

i(2π)4
×i

Z
d4l

(2π)4

External line (same)

When we write down the vertex rules from Lint, two points are to be kept in mind.

Derivative ∂µφ ⇒ −ipµ (172)

Identical fields φn ⇒ n! (173)

6.2 Propagators

W± 1

k2 −M2
W

Ã
gµν − (1− ξW ) kµkν

k2 − ξWM2
W

!
Eq.131

Z
1

k2 −M2
Z

Ã
gµν − (1− ξZ) kµkν

k2 − ξWM2
Z

!
Eq.132

A
1

k2

µ
gµν − (1− ξ)kµkν

k2

¶
Eq.133

f
−1

γµkµ −mf
Eq.80, Eq.58

H
−1

k2 −M2
H

Eq.125

χ±
−1

k2 − ξWM2
W

Eq.125

χ3
−1

k2 − ξZM2
Z

Eq.125

c±
−1

k2 − ξWM2
W

Eq.151

cZ
−1

k2 − ξZM2
Z

Eq.146

cA
−1
k2

Eq.143
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6.3 Vector-Vector-Vector

p1 p2

p3

µ ν

ρ

p1 (µ) p2 (ν) p3 (ρ)

W− W+ A e
h
gµν(p1 − p2)

ρ

+(1 + α̃/ξW )(p
ν
3g
µρ − pµ3gνρ)

+(1− α̃/ξW )(pµ2gνρ − pν1gµρ)
i

W− W+ Z e
cW
sW

h
gµν(p1 − p2)

ρ

+(1 + β̃/ξW )(p
ν
3g
µρ − pµ3gνρ)

+(1− β̃/ξW )(pµ2gνρ − pν1gµρ)
i

6.4 Vector-Vector-Scalar

p1 p2

p3

µ ν

p1 (µ) p2 (ν) p3

W± A χ∓ ∓ieMW (1− α̃)gµν

W± Z χ∓ ±ie 1

sW cW
MW

³
1− c2W (1− β̃)

´
gµν

W− W+ H e
1

sW
MW g

µν

Z Z H e
1

sW c
2
W

MW g
µν
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6.5 Scalar-Scalar-Vector

p1 p2

p3

µ

p1 p2 p3 (µ)

H χ∓ W± ie
1

2sW

h
(1− δ̃)pµ2 − (1 + δ̃)pµ1

i

χ3 χ∓ W± ±e 1

2sW
[(1− κ̃)pµ2 − (1 + κ̃)pµ1 ]

χ− χ+ A e(p2 − p1)
µ

χ− χ+ Z e
c2W − s2

W

2sW cW
(p2 − p1)

µ

H χ3 Z ie
1

2sW cW
[(1− ε̃)pµ2 − (1 + ε̃)pµ1 ]

6.6 Scalar-Scalar-Scalar

p1

p3

p2

p1 p2 p3

H H H −e 3

2sWMW
M2
H

H χ− χ+ −e 1

2sWMW
(M2

H + 2δ̃M
2
W · ξW )

H χ3 χ3 −e 1

2sWMW
(M2

H + 2ε̃M
2
Z · ξZ)
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6.7 Vector-Vector-Vector-Vector

µ

ν

ρ

σ

p1

p2

p3

p4

p1 (µ) p2 (ν) p3 (ρ) p4 (σ)

W+ W− A A

e2
h
−2gµνgρσ + (1− α̃2/ξW )(g

µρgνσ + gµσgνρ)
i

W+ W− A Z

e2 cW
sW

h
−2gµνgρσ + (1− α̃β̃/ξW )(gµρgνσ + gµσgνρ)

i
W+ W− Z Z

e2 c
2
W

s2
W

h
−2gµνgρσ + (1− β̃2/ξW )(g

µρgνσ + gµσgνρ)
i

W+ W− W− W+

−e2 1

s2
W

[−2gµσgνρ + (gµρgνσ + gµνgρσ)]
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6.8 Vector-Vector-Scalar-Scalar

µ

ν

p1

p2

p3

p4

p1 (µ) p2 (ν) p3 p4

A W± H χ∓ ∓ie2 1

2sW
(1− α̃δ̃)gµν

A W± χ3 χ∓ −e2 1

2sW
(1− α̃κ̃)gµν

Z W± H χ∓ ±ie2 1

2s2
W cW

³
1− c2W (1− β̃δ̃)

´
gµν

Z W± χ3 χ∓ e2 1

2s2
W cW

³
1− c2W (1− β̃κ̃)

´
gµν

A A χ+ χ− 2e2gµν

Z A χ+ χ− 2e2 c
2
W − s2

W

2sW cW
gµν

Z Z χ+ χ− 2e2

Ã
c2W − s2

W

2sW cW

!2

gµν

W+ W− H H e2 1

2s2
W

gµν

W+ W− χ3 χ3 e2 1

2s2
W

gµν

W+ W− χ− χ+ e2 1

2s2
W

gµν

Z Z H H e2 1

2s2
W c

2
W

gµν

Z Z χ3 χ3 e2 1

2s2
W c

2
W

gµν
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6.9 Scalar-Scalar-Scalar-Scalar

p1

p2

p3

p4

p1 p2 p3 p4

H H H H −e2 3M2
H

4s2
WM

2
W

χ3 χ3 χ3 χ3 −e2 3M2
H

4s2
WM

2
W

χ± χ∓ χ∓ χ± −e2 M2
H

2s2
WM

2
W

H H χ3 χ3 −e2M
2
H + 2ε̃

2M2
Z · ξZ

4s2
WM

2
W

H H χ+ χ− −e2M
2
H + 2δ̃

2M2
W · ξW

4s2
WM

2
W

χ+ χ− χ3 χ3 −e2M
2
H + 2κ̃

2M2
W · ξW

4s2
WM

2
W

6.10 Fermion-Fermion-Vector

Mixing of fermion is not explicitly shown here. Though it is not explicitly written, one should
mind that a quark has color degree of freedom.

f I3 Qf I3 Qf

U u, c, t 1
2

2
3 νe, νµ, ντ

1
2 0

D d, s, b −1
2 −1

3 e, µ, τ −1
2 −1

µ

p1 p2

p3

p1 p2 p3 (µ)

f̄ f A eQfγ
µ

f̄ f Z

e
1

2sW cW
γµ
³
I3(1− γ5)− 2s2

WQf
´

Ū/D̄ D/U W+/W− e
1

2
√
2sW

γµ(1− γ5)
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6.11 Fermion-Fermion-Scalar

p1 p2

p3

p1 p2 p3

f̄ f H −e 1

2sW

mf

MW

Ū/D̄ U/D χ3 (−/+)ie 1

2sW

mf

MW
γ5

Ū D χ+

−ie 1

2
√
2sW

1

MW
[(mD −mU ) + (mD +mU )γ5]

D̄ U χ−

−ie 1

2
√
2sW

1

MW
[(mU −mD) + (mU +mD)γ5]

6.12 Ghost-Ghost-Vector

µ

p1 p2

p3

p1 p2 p3 (µ)

c̄A c∓ W± ±epµ1

c̄Z c∓ W± ±ecW
sW
pµ1

c̄∓ cA W± ∓e(pµ1 − α̃pµ2 )

c̄∓ cZ W± ∓ecW
sW
(pµ1 − β̃pµ2 )

c̄∓ c± A ±e(pµ1 + α̃pµ2 )

c̄∓ c± Z ±ecW
sW
(pµ1 + β̃pµ2 )
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6.13 Ghost-Ghost-Scalar

p1 p2

p3

p1 p2 p3

c̄Z cZ H −e 1

2sW c2W
(1 + ε̃)MW · ξZ

c̄Z c∓ χ± ±ie 1

2sW cW
MW · ξZ

c̄∓ cA χ± ∓ieMW · ξW

c̄∓ cZ χ± ∓ie 1

2sW cW
(c2W − s2

W + κ̃)MW · ξW

c̄∓ c± H −e 1

2sW
(1 + δ̃)MW · ξW

c̄∓ c± χ3 ±ie 1

2sW
(1− κ̃)MW · ξW

6.14 Ghost-Ghost-Vector-Vector

ν µp4 p3

p1 p2

p1 p2 p3 (µ) p4 (ν)

c̄∓ cA A W± −e2α̃gµν

c̄∓ cA Z W± −e2 cW
sW

β̃gµν

c̄∓ cZ A W± −e2 cW
sW

α̃gµν

c̄∓ cZ Z W± −e2 c
2
W

s2
W

β̃gµν

c̄∓ c± W∓ W± −e2

Ã
α̃+

c2W
s2
W

β̃

!
gµν

c̄∓ c∓ W± W± 2e2

Ã
α̃+

c2W
s2
W

β̃

!
gµν

c̄∓ c± A A 2e2α̃gµν

c̄∓ c± Z A e2 cW
sW
(α̃+ β̃)gµν

c̄∓ c± Z Z 2e2 c
2
W

s2
W

β̃gµν
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6.15 Ghost-Ghost-Scalar-Scalar

p4 p3

p1 p2

p1 p2 p3 (µ) p4 (ν)

c̄Z cZ H H −e2 1

2s2
W c

2
W

ε̃ · ξZ

c̄Z cZ χ3 χ3 e2 1

2s2
W c

2
W

ε̃ · ξZ

c̄Z c± χ∓ H ∓ie2 1

4s2
W cW

ε̃ · ξZ

c̄Z c± χ∓ χ3 e2 1

4s2
W cW

ε̃ · ξZ

c̄∓ cA χ± H ∓ie2 1

2sW
δ̃ · ξW

c̄∓ cA χ± χ3 e2 1

2sW
κ̃ · ξW

c̄∓ cZ χ± H

∓ie2 1

4s2
W cW

³
κ̃+ δ̃(c2W − s2

W )
´
· ξW

c̄∓ cZ χ± χ3

e2 1

4s2
W cW

³
δ̃ + κ̃(c2W − s2

W )
´
· ξW

c̄∓ c± H H −e2 1

2s2
W

δ̃ · ξW

c̄∓ c± χ3 χ3 −e2 1

2s2
W

κ̃ · ξW

c̄∓ c± χ3 H ∓ie2 1

4s2
W

(κ̃− δ̃) · ξW

c̄∓ c± χ− χ+ e2 1

4s2
W

(δ̃ + κ̃) · ξW

c̄∓ c∓ χ± χ± −e2 1

2s2
W

(κ̃− δ̃) · ξW

7 Renormalization

7.1 Renormalization constants

In this section, we discuss the renormalization of the theory. We implicitly assume the one-loop
renormalization.
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1. All fields and couplings appeared in the last sections are bare quantities. In order to
denote explicitly, we put underline to the bare quantity. Renormalized quantities are
shown without underline.

2. The field renormalization constant is defined as

φ =
√
Zφφ = (1 + δZ

1/2
φ )φ. (174)

Since we use the perturbative expansion, and that we perform the explicit study in the

one-loop order, δZ
1/2
φ is a small quantity of O(e2) though it generally includes a divergent

factor.

For the mixing fields, Z =

Ã
1 0
0 1

!
+O(e2), so that the off diagonal components has no

”1”.

There can be another convention for δZ such that

φ =
√
Zφφ =

µ
1 +

1

2
δZφ

¶
φ. (175)

The relation of two convention is straightforward.

3. δY , δm , δM2 are also considered to be O(e2) and δT is O(e).

4. As is mentioned in Sec.3.3, the gauge fixing terms are written in renormalized fields.

5. BRS transformation in Sec.3.2 is defined for the bare fields.

6. Several new vertices which are absent in the tree level appear due to the renormalization.

The relation of bare and renormalized fields are as follows:

1. Gauge fields

W±
µ =
√
ZWW

±
µÃ

Zµ
Aµ

!
=

Ã √
ZAA

√
ZZA√

ZAZ
√
ZAA

!Ã
Zµ
Aµ

!

M2
W =M2

W + δM2
W

M2
Z =M

2
Z + δM2

Z

(176)

2. Fermions
f
L,R

=
√
ZfL,RfL,R, f̄

L,R
=
√
ZfL,Rf̄L,R

mf = mf + δmf
(177)

3. Scalars
H =

√
ZHH

χ± =
√
Zχχ

±

χ
3
=
√
Zχ3χ3

M2
H =M

2
H + δM2

H

(178)

4. Charge
e = Y e = (1 + δY )e (179)
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5. Tadpole
T = T + δT (180)

6. Ghost

There is some freedom for the introduction of renormalization constants for the ghost
fields. We use the following convention.

c± = Z̃3c
±

Ã
cZ

cA

!
=

Ã
Z̃AA Z̃ZA
Z̃AZ Z̃AA

!Ã
cZ

cA

!

c̄± = c̄±

c̄Z = c̄Z

c̄A = c̄A

(181)

Following the Kyoto group, we use the following notations.

fermion δGmj =
δmj

mj
(182)

Higgs δGH =
δM2

H

M2
H

(183)

δGW =
δM2

W

2M2
W

(184)

δGZ =
δM2

Z

2M2
Z

(185)

δH =
δM2

Z − δM2
W

2(M2
Z −M2

W )
(186)

δG1 = δGW − δH (187)

δG2 = δGZ − δH (188)

δG3 = δGZ − δGW (189)

δG4 =
2δM2

W − δM2
Z

2M2
W −M2

Z

− δGW − δH (190)

These notations are convenient for the description of counter terms. The shift of coupling
constants can be written by above δ’s. Some examples are shown below.

MW =MW (1 + δGW ), MZ =MZ(1 + δGZ) (191)

1

cW
=

1

cW
(1 + δG3) (192)

1

sW
=

1

sW
(1 + δG2) (193)

cW
sW

=
cW
sW
(1 + δG1) (194)

c2W − s2
W

sW cW
=
c2W − s2

W

sW cW
(1 + δG4) (195)
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7.2 Counter terms in one-loop order

The construction of counter terms is done in the followings. The tree Lagrangian in the last
sections is written in bare quantities. We replace the bare quantities by the renormalized ones
and expand the expression. The terms with δ are counter terms. For the one-loop order, we
only keep those up to the first order of δ. Below, examples of the procedure are shown for a
generic field φ.
Counter terms for a self-energy (propagator)

(∂µφ)
2 −M2φ2 =

³
∂µ
√
Zφφ

´2 −
³
M2 + δM2

´√
Zφφ

2

= (∂µφ)
2 −M2φ2 + 2δZ

1/2
φ [(∂µφ)

2 −M2φ2]− δM2φ2| {z }
counter terms

(196)

Counter terms for a vertex

eφ
a
φ
b
φ
c
= Y e

√
Zφφa

√
Zφφb

√
Zφφc

= eφaφbφc +
³
δY + δZ

1/2
φa

+ δZ
1/2
φb

+ δZ
1/2
φc

´
eφaφbφc| {z }

counter terms

(197)

As is seen above, a vertex counter term can be obtained by multiplying a factor to that in
the tree level. It is not the case for vertex with A and/or Z since there is a mixing between A
and Z:

Aµ = (1 + δZ
1/2
AA )Aµ + δZ

1/2
AZZµ, Zµ = (1 + δZ

1/2
ZZ )Zµ + δZ

1/2
ZAAµ. (198)

The mixing sometimes produces a counter term which is absent in the tree level. For instance,
there is ZZH vertex but ZAH one in the tree level. In the one-loop, the ZAH vertex diagrams
exist and its divergence is canceled by the ZAH counter term which is generated by the field
mixing.

As was mentioned several times before, the gauge fixing terms are written in renormal-
ized fields, so that they do not generate any counter terms. This means that a counter
term which does not include ghost particles is independent of the gauge fixing. In such a
counter term, neither ξ’s nor α̃ etc. appears. We must be careful for L(2)(boson) in Eq.125
since it is the mixture of bare fields and renormalized fields. The cancellation of vector-
scalar transition term (e.g., MW∂µχ

+W−µ) is not complete and generate counter terms like
−(δGW + δZ

1/2
W + δZ

1/2
χ )MW (∂µχ

+W−µ).
Another point is that we have put T = 0 to write down the Feynman rules in the tree level.

The tadpole is also shifted as T + δT and δT is to be kept when we expand L(pot) in Eq.70 ∼
Eq.72.

The word ’counter terms’ is sometimes misleading. In the following table, we classify terms
in the total Lagrangian after the replacement of bare quantities by renormalized ones.

35



fields order δZ, δM meaning

quadratic O(1) no free part of the Lagrangian
define propagators

quadratic O(en) n ≥ 2 with counter terms for two-point functions
(propagators)

3rd or 4th O(e, e2) no vertices

3rd or 4th O(en) n ≥ 3 with vertex counter terms

linear δT tadpole counter term

constant (no meaning)

In the table the first line defines the free Lagrangian, Lfree, and the rest of all consist of the in-
teraction Lagrangian, Lint. The perturbative calculation is done by expanding exp[iLint], so that
the separation of vertex terms and counter terms is not essential. For an instance, when we cal-
culate O(e3) contribution by perturbation, we receive the contribution from [Lint(O(e) vertex)]3

and Lint(O(e3) vertex) and the latter is called as ’counter terms’.

7.3 Counter terms in ghost sector

The counter terms including ghost particles are not necessarily in the one-loop order, so that
we do not present their explicit formula here. Below, the procedure to determine those counter
terms is described briefly.

1. Since gauge fixing terms are given in renormalized quantities, we write the gauge fixing
terms by bare ones to fix the bare F functions. From Sec.3.3 and Sec.3.4,

L(G.F.) = B+(∂µW−µ + ξWMWχ
−) + (h.c.)

+BZ(∂µZµ + ξZMZχ3) +B
A∂Aµ

+non− linear gauge terms
+B0s bi− linear terms.

(199)

2. Yet the renormalization of the B fields and ξ’s (gauge parameters) is not yet fixed. We
can use this freedom to define the bare gauge fixing Lagrangian.

The renormalization of them is defined so as to erase all Z factors in the bare gauge fixing
Lagrangian.

3. Based on the policy stated above, we define the renormalization of B fields as follows.

B± =
√
ZW

−1
B±,

Ã
BZ

BA

!
=

Ã √
ZZZ

√
ZZA√

ZAZ
√
ZAA

!−1Ã
BZ

BA

!
(200)

The relation is just the inverse of that for gauge fields.

Then Eq.199 is
L(G.F.) = B+∂µW−µ +B+ξWMWχ

− + (h.c.)
+BZ∂µZµ +B

ZξZMZχ3 +B
A∂Aµ

+non− linear gauge terms
+B0s bi− linear terms.

(201)

The remaining terms in Eq.201 become as follows

B+ξWMWχ
− = B+ξ

W
MWχ

−, (202)
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BZξZMZχ3 = B
Zξ

Z
MZχ3

+BAβMZχ3
(203)

where we defined the renormalization of gauge parameters as

ξ
W
= ξW (MW /MW )

√
ZW
√
Z
−1
χ

ξ
Z
= ξZ(MZ/MZ)

√
ZZZ
√
Z
−1
χ3

β = ξZ(MZ/MZ)
√
ZZA
√
Z
−1
χ3

(204)

in order to erase all Z. The β is not an independent parameter but the short-hand notation
given by the equation. Non-linear gauge terms can be transformed in a similar way by the
renormalization of α̃ etc.

4. By the renormalization of B’s and ξ’s, the bi-linear terms for B fields, ξB+B−+· · ·, receive
extra factors. However this does not affects the renormalization program since δBB = 0.

5. We obtain bare F terms by the above equations.

F∓ = ∂µW∓µ + ξ
W
MWχ

∓ + non− linear gauge terms
FZ = ∂µZµ + ξ

Z
MZχ3

+ non− linear gauge terms
FA = ∂µAµ + βMZχ3

+ non− linear gauge terms
(205)

Except for FA, these are the same as those in Eq.134 assuming that quantities are bare
ones. In Eq.134 FA = ∂µAµ, while we have additional terms here.

6. The BRS transformation is defined for the bare fields. The ghost Lagrangian is L(F.P.) =
ic̄δBF

− + · · · and the application of BRS transformation gives the explicit form as in
Sec.3.6. Since FA differs, we have additional terms which are absent in Sec.3.6 (and also
in Sec.6). However, β itself is O(e2) quantity and it generates O(e3) vertices. Thus the
appearance of β is only in the counter terms in the one-loop calculation.

7. We have obtained the L(F.P.) expressed by the bare quantities. Then the bare quantities
are replaced by the renormalized ones. The separation of the counter terms can be done
as before.

7.4 Counter terms for vertices

Here, we summarize the vertex counter terms. Ghost vertices are not shown since they are
not necessary in the one-loop order. Counter terms for the propagators and the tadpole are
discussed in the next subsection. In this subsection h· · ·i stands for the denoted tree vertex
defined in Sec.6 after taking α̃ = β̃ = δ̃ = ε̃ = κ̃ = 0. The vertex which is absent in the tree
level is denoted by (new).

The following counter terms can be obtained easily by inspection of tree Feynman rules in
Sec.6 and the operation demonstrated in Sec.7.2. However, as we put T = 0 to obtain the tree
rules, the appearance of δT should be traced back to L(pot).

7.4.1 Vector-Vector-Vector

p1 (µ) p2 (ν) p3 (ρ)

W− W+ A (δY + 2δZ
1/2
W + δZ

1/2
AA )hWWAi+ δZ

1/2
ZA hWWZi

W− W+ Z (δY + δG1 + 2δZ
1/2
W + δZ

1/2
ZZ )hWWZi+ δZ

1/2
AZ hWWAi
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7.4.2 Vector-Vector-Scalar

p1 (µ) p2 (ν) p3

W± A χ∓ (δY + δGW + δZ
1/2
W + δZ

1/2
χ + δZ

1/2
AA )hWAχi+ δZ

1/2
ZA hWZχi

W± Z χ∓ (δY + δH + δZ
1/2
W + δZ

1/2
χ + δZ

1/2
ZZ )hWZχi+ δZ

1/2
AZ hWAχi

W− W+ H (δY + δG2 + δGW + 2δZ
1/2
W + δZ

1/2
H )hWWHi

Z Z H (δY + δG2 + δG3 + δGZ + 2δZ
1/2
ZZ + δZ

1/2
H )hZZHi

Z A H δZ
1/2
ZA hZZHi (new)

7.4.3 Scalar-Scalar-Vector

p1 p2 p3 (µ)

H χ∓ W± (δY + δG2 + δZ
1/2
H + δZ

1/2
χ + δZ

1/2
W )hHχW i

χ3 χ∓ W± (δY + δG2 + δZ
1/2
χ3 + δZ

1/2
χ + δZ

1/2
W )hχ3χW i

χ− χ+ A (δY + 2δZ
1/2
χ + δZ

1/2
AA )hχχAi+ δZ

1/2
ZA hχχZi

χ− χ+ Z (δY + δG4 + 2δZ
1/2
χ + δZ

1/2
ZZ )hχχZi+ δZ

1/2
AZ hχχAi

H χ3 Z (δY + δG2 + δG3 + δZ
1/2
H + δZ

1/2
χ3 + δZ

1/2
ZZ )hHχ3Zi

H χ3 A δZ
1/2
ZA hHχ3Zi (new)

7.4.4 Scalar-Scalar-Scalar

(See Eq.71.)
p1 p2 p3

H H H

"
(δY + δG2 − δGW + δGH + 3δZ

1/2
H )− δT e

sWMWM2
H

#
hHHHi

H χ− χ+

"
(δY + δG2 − δGW + δGH + δZ

1/2
H + 2δZ1/2

χ )− δT e

sWMWM2
H

#
hHχχi

H χ3 χ3

"
(δY + δG2 − δGW + δGH + δZ

1/2
H + 2δZ

1/2
χ3 )− δT

e

sWMWM
2
H

#
hHχ3χ3i

7.4.5 Vector-Vector-Vector-Vector

p1 (µ) p2 (ν) p3 (ρ) p4 (σ)

W+ W− A A (2δY + 2δZ
1/2
W + 2δZ

1/2
AA )hWWAAi

+2δZ
1/2
ZA hWWAZi

W+ W− A Z (2δY + δG1 + 2δZ
1/2
W + δZ

1/2
AA + δZ

1/2
ZZ )hWWAZi

+δZ
1/2
AZ hWWAAi+ δZ

1/2
ZA hWWZZi

W+ W− Z Z (2δY + 2δG1 + 2δZ
1/2
W + 2δZ

1/2
ZZ )hWWZZi

+2δZ
1/2
AZ hWWAZi

W+ W− W− W+ (2δY + 2δG2 + 4δZ
1/2
W )hWWWW i
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7.4.6 Vector-Vector-Scalar-Scalar

p1 (µ) p2 (ν) p3 p4

A W± H χ∓ (2δY + δG2 + δZ
1/2
AA + δZ

1/2
W + δZ

1/2
H + δZ

1/2
χ )hAWHχi

+δZ
1/2
ZA hZWHχi

A W± χ3 χ∓ (2δY + δG2 + δZ
1/2
AA + δZ

1/2
W + δZ

1/2
χ3 + δZ

1/2
χ )hAWχ3χi

+δZ
1/2
ZA hZWχ3χi

Z W± H χ∓ (2δY + δG3 + δZ
1/2
ZZ + δZ

1/2
W + δZ

1/2
H + δZ

1/2
χ )hZWHχi

+δZ
1/2
AZ hAWHχi

Z W± χ3 χ∓ (2δY + δG3 + δZ
1/2
ZZ + δZ

1/2
W + δZ

1/2
χ3 + δZ

1/2
χ )hZWχ3χi

+δZ
1/2
AZ hAWχ3χi

A A χ+ χ− (2δY + 2δZ
1/2
AA + 2δZ

1/2
χ )hAAχχi+ 2δZ1/2

ZA hZAχχi
Z A χ+ χ− (2δY + δG4 + δZ

1/2
ZZ + δZ

1/2
AA + 2δZ

1/2
χ )hZAχχi

+δZ
1/2
ZA hZZχχi+ δZ

1/2
AZ hAAχχi

Z Z χ+ χ− (2δY + 2δG4 + 2δZ
1/2
ZZ + 2δZ

1/2
χ )hZZχχi

+2δZ
1/2
AZ hZAχχi

W+ W− H H (2δY + 2δG2 + 2δZ
1/2
W + 2δZ

1/2
H )hWWHHi

W+ W− χ3 χ3 (2δY + 2δG2 + 2δZ
1/2
W + 2δZ

1/2
χ3 )hWWχ3χ3i

W+ W− χ− χ+ (2δY + 2δG2 + 2δZ
1/2
W + 2δZ

1/2
χ )hWWχχi

Z Z H H (2δY + 2δG2 + 2δG3 + 2δZ
1/2
ZZ + 2δZ

1/2
H )hZZHHi

Z Z χ3 χ3 (2δY + 2δG2 + 2δG3 + 2δZ
1/2
ZZ + 2δZ

1/2
χ3 )hZZχ3χ3i

Z A H H δZ
1/2
ZA hZZHHi (new)

Z A χ3 χ3 δZ
1/2
ZA hZZχ3χ3i (new)

7.4.7 Scalar-Scalar-Scalar-Scalar

(See Eq.72.)
p1 p2 p3 p4

H H H H
h
(2δY + 2δG2 − 2δGW + δGH + 4δZ

1/2
H )

−δT e
sWMWM2

H

i
hHHHHi

χ3 χ3 χ3 χ3

h
(2δY + 2δG2 − 2δGW + δGH + 4δZ

1/2
χ3 )

−δT e
sWMWM2

H

i
hχ3χ3χ3χ3i

χ± χ∓ χ∓ χ±
h
(2δY + 2δG2 − 2δGW + δGH + 4δZ

1/2
χ )

−δT e
sWMWM2

H

i
hχχχχi

H H χ3 χ3

h
(2δY + 2δG2 − 2δGW + δGH + 2δZ

1/2
H + 2δZ

1/2
χ3 )

−δT e
sWMWM2

H

i
hHHχ3χ3i

H H χ+ χ−
h
(2δY + 2δG2 − 2δGW + δGH + 2δZ

1/2
H + 2δZ

1/2
χ )

−δT e
sWMWM2

H

i
hHHχχi

χ+ χ− χ3 χ3

h
(2δY + 2δG2 − 2δGW + δGH + 2δZ

1/2
χ + 2δZ

1/2
χ3 )

−δT e
sWMWM2

H

i
hχχχ3χ3i
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7.4.8 Fermion-Fermion-Vector

L,R = (1∓ γ5)/2
p1 p2 p3 (µ)

f̄ f A (δY + δZ
1/2
AA + δZ

1/2
fL + δZ

1/2
fL )eQfγ

µL

+(δY + δZ
1/2
AA + δZ

1/2
fR + δZ

1/2
fR )eQfγ

µR

+δZ
1/2
ZA

e

2sW cW

³
2I3γ

µL− 2s2
WQfγ

µ(L+R)
´

f̄ f Z (δY + δG2 + δG3 + δZ
1/2
ZZ + δZ

1/2
fL + δZ

1/2
fL )

e

2sW cW
2I3γ

µL

+(δY − δG2 + δG3 + δZ
1/2
ZZ + δZ

1/2
fL + δZ

1/2
fL )

e

2sW cW
(−2s2

WQfγ
µL)

+(δY − δG2 + δG3 + δZ
1/2
ZZ + δZ

1/2
fR + δZ

1/2
fR )

e

2sW cW
(−2s2

WQfγ
µR)

+δZ
1/2
AZ eQfγ

µ(L+R)

Ū/D̄ D/U W+/W− (δY + δG2 + δZ
1/2
(U/D)L + δZ

1/2
(D/U)L + δZ

1/2
W )

e√
2sW

γµL

7.4.9 Fermion-Fermion-Scalar

L,R = (1∓ γ5)/2
p1 p2 p3

f̄ f H

(δY + δG2 + δGmf − δGW + δZ
1/2
fR + δZ

1/2
fL + δZ

1/2
H )

µ
− e

2sW

mf

MW

¶
L

+(δY + δG2 + δGmf − δGW + δZ
1/2
fL + δZ

1/2
fR + δZ

1/2
H )

µ
− e

2sW

mf

MW

¶
R

Ū/D̄ U/D χ3

(δY + δG2 + δGmf − δGW + δZ
1/2
(U/D)R + δZ

1/2
(U/D)L + δZ

1/2
χ3 )

µ
(−/+) ie

2sW

mf

MW

¶
(−L)

+(δY + δG2 + δGmf − δGW + δZ
1/2
(U/D)L + δZ

1/2
(U/D)R + δZ

1/2
χ3 )

µ
(−/+) ie

2sW

mf

MW

¶
R

Ū D χ+ (δY + δG2 + δGmU − δGW + δZ
1/2
U,R + δZ

1/2
D,L + δZ

1/2
χ )

−ie√
2sW

mU

MW
(−L)

+(δY + δG2 + δGmD − δGW + δZ
1/2
U,L + δZ

1/2
D,R + δZ

1/2
χ )

−ie√
2sW

mD

MW
R

D̄ U χ− (δY + δG2 + δGmD − δGW + δZ
1/2
D,R + δZ

1/2
U,L + δZ

1/2
χ )

−ie√
2sW

mD

MW
(−L)

+(δY + δG2 + δGmU − δGW + δZ
1/2
D,L + δZ

1/2
U,R + δZ

1/2
χ )

−ie√
2sW

mU

MW
R
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7.5 Renormalization conditions

In Sec.7.1, we have introduced renormalization constants, e.g.,
√
Z , δM2 and so forth. By these

constants, counter terms are described. These constants are determined by the renormalization
conditions described below. There are many possible way to present the conditions. We follow
the on-mass-shell renormalization scheme given by Kyoto group.

(a) two O(e) vertices (b) one O(e2) vertex

(c) O(e2) vertex (counter term)

A

B A

Figure 3: Two point functions

In the O(e2) perturbation, we have the contribution for the two point functions shown in
Fig.3. The contribution from (a) and (b) is called the loop term, and that from (c) the counter
term. When we denote the former as Π, the latter is denoted by Π̂. The sum of these is
represented as Π̃ = Π+ Π̂.

The decomposition of two point functions are as follows.

type formula

vector-vector Πµν(q
2) =

µ
gµν − qµqν

q2

¶
ΠT (q

2) +
qµqν
q2

ΠL(q
2)

scalar-scalar Π(q2)

vector-scalar iqµΠ(q
2) (q flows in from scalar)

fermion-fermion Σ(q2) = K1I +K5γ5 +Kγ 6 q +K5γ 6 qγ5

The counter terms are given as follows.

1. Vector-Vector

WW Π̂WT = δM2
W + 2(M2

W − q2)δZ
1/2
W

Π̂WL = δM2
W + 2M2

W δZ
1/2
W

ZZ Π̂ZZT = δM2
Z + 2(M

2
Z − q2)δZ

1/2
ZZ

Π̂ZZL = δM2
Z + 2M

2
ZδZ

1/2
ZZ

ZA Π̂ZAT = (M2
Z − q2)δZ

1/2
ZA − q2δZ

1/2
AZ

Π̂ZAL =M2
ZδZ

1/2
ZA

AA Π̂AAT = −2q2δZ
1/2
AA

Π̂AAL = 0

2. Scalar-Scalar
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They originate from L(2)(boson) in Eq.125 including δT terms from the last line of the
equation.

HH Π̂H = 2(q2 −M2
H)δZ

1/2
H − δM2

H +
3δT
v

χ3χ3 Π̂χ3 = 2q2δZ
1/2
χ3 + δT

v

χχ Π̂χ = 2q2δZ
1/2
χ + δT

v

3. Vector-Scalar

Wχ Π̂Wχ =MW (δGW + δZ
1/2
W + δZ

1/2
χ )

Zχ3 Π̂Zχ3 =MZ(δGZ + δZ
1/2
ZZ + δZ

1/2
χ3 )

Aχ3 Π̂Aχ3 =MZδZ
1/2
ZA

4. Fermion-Fermion

The Lfree for the fermion f is f̄(iγµ∂µ −mf )f . It is

f̄L(iγ
µ∂µ)LfL

+f̄R(iγ
µ∂µ)RfR

−f̄RmfLfL
−f̄LmfRfR

(206)

and it gives the counter terms:

2δZ
1/2
fL f̄L(iγ

µ∂µ)LfL

+2δZ
1/2
fR f̄R(iγ

µ∂µ)RfR

−(δmf + (δZ
1/2
fR + δZ

1/2
fL )mf )f̄RLfL

−(δmf + (δZ
1/2
fL + δZ

1/2
fH )mf )f̄LRfR

(207)

Rearrangement of the above gives the following terms.

ff K̂1 = −mf

³
δZ

1/2
fL + δZ

1/2
fR

´
− δmf

K̂5 = +
1
2mf

³
−δZ1/2

fL + δZ
1/2
fL + δZ

1/2
fR − δZ1/2

fR

´
= 0

K̂γ = +δZ
1/2
fL + δZ

1/2
fR

K̂5γ = −δZ1/2
fL + δZ

1/2
fR

For the Higgs one-point function, we have the contribution shown in Fig.4. The loop term
(a) is T loop and the counter term (b) is δT . The sum is T̃ = T loop + δT .

Now, we introduce the renormalization conditions. Those for ghost particles are skipped by
the same reason as before.
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(a) One O(e) vertex (b) δT

H HA

Figure 4: One point functions

1. Tadpole

This is to cancel the tadpole.
T̃ = 0 (208)

Then
δT = −T loop. (209)

2. Charged vector

The conditions specify that the pole-position of the propagator isM2
W , and that the residue

of the propagator at the pole is 1.

Π̃WT (M
2
W ) = 0,

d

dq2
Π̃WT (M

2
W ) = 0 (210)

This gives the following relations.

δM2
W = −ΠWT (M2

W ), δZ
1/2
W =

1

2

d

dq2
ΠWT (M

2
W ) (211)

3. Neutral vector

The conditions same as W is given for pole-positions and residues of both Z and A. Also
we have the condition that there is no mixing between Z and A at q2 = 0,M2

Z .

Π̃ZZT (M2
Z) = 0,

d

dq2
Π̃ZZT (M2

Z) = 0 (212)

Π̃AAT (0) = 0,
d

dq2
Π̃AAT (0) = 0 (213)

Π̃ZAT (0) = 0, Π̃ZAT (M2
Z) = 0 (214)

Among the 6 conditions, Π̃AAT (0) = 0 produces nothing (except for the check of loop
calculation to show ΠAAT (0) = 0). These give the following relations.

δM2
Z = −ΠZZT (M2

Z), δZ
1/2
ZZ =

1

2

d

dq2
ΠZZT (M2

Z) (215)

δZ
1/2
AA =

1

2

d

dq2
ΠAAT (0) (216)

δZ
1/2
ZA = −ΠZAT (0)/M2

Z , δZ
1/2
AZ = Π

ZA
T (M2

Z)/M
2
Z (217)
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4. Higgs

The conditions specify that the pole-position of the propagator isM2
H , and that the residue

of the propagator at the pole is 1.

Π̃H(M2
H) = 0,

d

dq2
Π̃H(M2

H) = 0 (218)

This gives the following relations.

δM2
H = Π

H(M2
H) +

3δT

v
, δZ

1/2
H = −1

2

d

dq2
ΠH(M2

H) (219)

5. χ,χ3

There is no physical condition for unphysical scalars. However, we are to define
√
Zχ and√

Zχ3. Since the counter term is ∼ 2q2
√
Zχ, the so-called MS scheme is used in the linear

gauge case:

√
Zχ = − 1

2q2
Πχ(q2)

¯̄̄
CUV part

,
√
Zχ3 = − 1

2q2
Πχ3(q2)

¯̄̄
CUV part

(220)

Thus the counter term is defined just to erase the divergence. In the linear gauge case,
the CUV part is proportional to q

2 as

Πχ(q2) = cq2CUV + (finite terms)

so that Eq.220 works well. In the non-linear gauge, the CUV part is no more proportional
to q2, though we still keep the above definition as working hypothesis.

6. Fermion

The conditions for pole-positions and residues are the same as other physical particles.
Also the vanishing of γ5 and γ

µγ5 terms at the pole is required.

mfK̃γ(m
2
f ) + K̃1(m

2
f ) = 0,

d

d 6 q
³
6 qK̃γ(q

2) + K̃1(q
2)
´¯̄̄̄
6q=mf

= 0, (221)

K̃5(m
2
f ) = 0, K̃5γ(m

2
f ) = 0. (222)

From the condition for K̃5, we obtain

2K5(m
2
f ) = (δZ

1/2
fL − δZ1/2

fL )− (δZ1/2
fR − δZ1/2

fR ) = 0. (223)

When we respect the CP invariance, K5 = 0 holds. In this case, we can define that δZ
1/2
fL

and δZ
1/2
fR are both real using the freedom of phase of the field. Under this situation, we

obtain the following relations.

δmf = mfKγ(m
2
f ) +K1(m

2
f )

δZ
1/2
fL = 1

2(K5γ(m
2
f )−Kγ(m

2
f ))−m2

f
d
dq2Kγ(m

2
f )−mf

d
dq2K1(m

2
f )

δZ
1/2
fR = −1

2(K5γ(m
2
f ) +Kγ(m

2
f ))−m2

f
d
dq2Kγ(m

2
f )−mf

d
dq2K1(m

2
f )

(224)
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7. Charge

While there are many vertices in the theory, if the charge e is properly renormalized, we
do not need any further renormalization conditions.

The condition can be imposed to any vertex. The most natural one is to fix the eeA
vertex. The counter term is already defined in Sec.7.4 and the condition requests that the
coupling is −e when q, the momentum of photon, is 0.

(eeA one loop term + eeA counter term)|q=0 = 0 (225)

From this, we obtain δY .

8 One-point functions

The one-loop diagram for (a) in Fig.4 is integrated by the following formula.Z
dn`

i(2π)n
1

`2 −m2
A

=
1

16π2
m2
A

³
CUV − logm2

A + 1
´

(226)

Calculation is done by the dimensional regularization with n = 4 − 2ε. Here and in the
followings we use the notation,

CUV =
1

ε
− γE + log 4π. (227)

In the followings, the summation over fermions

⎛⎝X
f

,
X

doublet

⎞⎠ implicitly includes the sum
over color for quarks.

The T loop is calculated by the diagram (a) in Fig.4 where A = W,Z,χ,χ3, H, c, c
Z , f . The

result is as follows:

T loop =
e

16π2sWMW

h
(CUV − logM2

W + 1)M2
W (3M

2
W +

1

2
M2
H)− 2(M2

W )
2

+(CUV − logM2
Z + 1)M

2
Z(
3

2
M2
Z +

1

4
M2
H)− (M2

Z)
2

+(CUV − logM2
H + 1)

3

4
(M2

H)
2

−
X
f

2m4
f (CUV − logm2

f + 1)
i

(228)

Some of diagrams depend on ε̃ or δ̃. However the dependence on non-linear gauge parameters
is canceled between scalar loops and ghost loops, so that δT is the same as in the linear gauge.

The tadpole counter term is simply obtained by this formula.

δT

v
=

α

8πs2
W

⎡⎣CTCUV + d
T
0 +

X
f

2m4
f

M2
W

(CUV + 1− logm2
f )

⎤⎦ (229)

CT = −3M2
W −

3

2

M2
Z

c2W
−
Ã
1

2
+

1

4c2W

!
M2
H −

3

4

(M2
H)

2

M2
W

(230)
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dT0 = (logM2
W − 1)(3M2

W +
1

2
M2
H) + 2M

2
W

+
1

c2W
(logM2

Z − 1)(
3

2
M2
Z +

1

4
M2
H) +

M2
Z

c2W
+
3

4

(M2
H)

2

M2
W

(logM2
H − 1)

(231)

9 Two-point functions

In this section f 0 stands for the partner fermion in the weak doublet. If f = U(D), f 0 = D(U).

9.1 Integrals

In the calculation of two-point functions, we deal with the integral for the diagrams in Fig.5.
The integral for (b) is the same as in the last section for one-point functions(Eq.226).

qq

`

`− q

1− x,MA

x,MB

(a)

q

`

MA

(b)

Figure 5: Loop integral for two point functions

The integral for the diagram (a) becomesZ
dn`

i(2π)n
N

(`2 −M2
A)((`− q)2 −M2

B)

=

Z
dn`

i(2π)n

Z 1

0

N

[(1− x)(`2 −M2
A) + x((`− q)2 −M2

B)]
2
dx.

(232)

Then the shift of momentum ` is done by

` ⇒ `+ xq (233)

in the numerator N and the terms in odd power of ` are discarded. The contraction of loop
momentum should be done by

`µ`ν =
1

4
`2gµν ·

µ
1 +

ε

2

¶
. (234)

The integral by the loop momentum can be done by the following formulas:

D2 = (1− x)M2
A + xM

2
B − x(1− x)s, (s = q2) (235)

Z
dn`

i(2π)n
1

(`2 −D2)2
=

1

16π2
(CUV − logD2) (236)
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Z
dn`

i(2π)n
`2

(`2 −D2)2
=

1

16π2
2D2

µ
CUV +

1

2
− logD2

¶
(237)

Z
dn`

i(2π)n
`µ`ν

(`2 −D2)2
=

1

16π2

D2

2
(CUV + 1− logD2) g

µν (238)

The integral by the parameter x is done by the following formulas:Z 1

0
D2dx =

1

2
(M2

A +M
2
B)−

1

6
s (239)

Fn(A,B) =

Z 1

0
xn logD2dx =

Z 1

0
xn log

h
(1− x)M2

A + xM
2
B − x(1− x)s

i
dx (240)

The integral of Fn is elementary though its explicit form is not shown here. We only encounter
the integrals up to n = 2. The notation F12(A,B) = F1(A,B) − F2(A,B) = F12(B,A) is
sometimes used.

F̃ (A,B) =

Z 1

0
D2 logD2dx

=M2
A (F0(A,B)− F1(A,B)) +M

2
BF1(A,B)− sF12(A,B)

(241)

We have several relations for Fn functions as shown below. By use of reduction rules, we
can convert all Fn’s into F0.
Exchange of A and B

F0(B,A) = F0(A,B)
F1(B,A) = F0(A,B)− F1(A,B)
F2(B,A) = F0(A,B)− 2F1(A,B) + F2(A,B)

(242)

Reduction into F0, A 6= B

F1(A,B) =
1

2

Ã
1 +

M2
A −M2

B

s

!
F0(A,B) +

1

2s

³
M2
B logM

2
B −M2

A logM
2
A −M2

B +M
2
A

´
(243)

F2(A,B) =
2

3

Ã
1 +

M2
A −M2

B

s

!
F1(A,B)− M

2
A

3s
F0(A,B)

+
1

3s

µ
M2
B logM

2
B +

1

2
(M2

A −M2
B)

¶
− 1

18

(244)

Reduction into F0, A = B

F1(A,A) =
1

2
F0(A,A) (245)
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F2(A,A) =
1

3

Ã
1− M

2
A

s

!
F0(A,A) +

M2
A

3s
logM2

A −
1

18
(246)

G functions (Derivative of F )

Gn(A,B) =
d

ds
Fn(A,B) =

Z 1

0

−xn · x(1− x)
D2

dx (247)

F and G at special energy

Fn(A,B,C) = Fn(A,B)|s=M2
C

Fn(A,B, 0) = Fn(A,B)|s=0

Gn(A,B,C) = Gn(A,B)|s=M2
C

Gn(A,B, 0) = Gn(A,B)|s=0

(248)

F0 for s = 0

F0(A,B, 0) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
logM2

A (A = B)

M2
B logM

2
B −M2

A logM
2
A

M2
B −M2

A

− 1 (A 6= B)
(249)

9.2 Z − Z
(a) (A,B) = (W,W ), (W,χ), (χ,W ), (χ,χ), (H,χ), (H,Z), (c+, c+), (c−, c−), (f, f)
(b) A =W,H,χ3,χ, c

+, c−

The second lines of ΠZZT and ΠZZL show fermionic contribution.

ΠZZT (s) =
α

4πc2W s
2
W

∙
CZZ,TCUV + d

ZZ,T
WW F0(W,W ) + d

ZZ,T
HZ F0(H,Z) + d

ZZ,T
0

−1
2

X
f

hn
(2I3 − 4Qfs2

w)
2 + 1

oµ1
6
CUV − F12(f, f)

¶
s

−m2
f (CUV − F0(f, f))

i¸
(250)

CZZ,T =

µ
3c4W +

1

3
c2W −

1

6

¶
s+ 4c2WM

2
W − 2M2

W −M2
Z + 4c

2
W β̃(c2W s−M2

W ) (251)

dZZ,TWW =

µ
−3c4W −

1

3
c2W +

1

12

¶
s− 4c4WM2

W −
8

3
c2WM

2
W +

5

3
M2
W + 4c2W β̃(−c2W s+M2

W ) (252)

dZZ,THZ =
1

12s
(M2

H −M2
Z)

2 +
1

12
s− 1

6
M2
H +

5

6
M2
Z (253)
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dZZ,T0 = M2
W logM

2
W

µ
4c4W −

4

3
c2W +

1

3

¶
+M2

H logM
2
H

Ã
−(M

2
H −M2

Z)

12s
+
1

6

!

+M2
Z logM

2
Z

Ã
(M2

H −M2
Z)

12s
+
1

6

!
+
(M2

H −M2
Z)

2

12s
+

µ
2

9
c2W −

1

9

¶
s

(254)

ΠZZL (s) =
α

4πc2W s
2
W

∙
CZZ,LCUV + d

ZZ,L
WW F0(W,W ) + d

ZZ,L
HZ F0(H,Z) + d

ZZ,L
0

+
1

2

X
f

n
m2
f (CUV − F0(f, f))

o⎤⎦ (255)

CZZ,L = 4c2WM
2
W − 2M2

W −M2
Z − 4β̃c2WM2

W +
1

4
ε̃2s (256)

dZZ,LWW = −4c2WM2
W + 2M2

W + 4β̃c2WM
2
W (257)

dZZ,LHZ = −(M
2
H −M2

Z)
2

4s
+M2

Z +
ε̃

2
(−M2

H +M
2
Z)−

ε̃2

4
s (258)

dZZ,L0 = (logM2
H − 1)M2

H

Ã
(M2

H −M2
Z)

4s
+
ε̃

2

!

+(logM2
Z − 1)M2

Z

Ã
−(M

2
H −M2

Z)

4s
− ε̃

2

! (259)

9.3 Z − A
(a) (A,B) = (W,W ), (W,χ), (χ,W ), (χ,χ), (c+, c+), (c−, c−), (f, f)
(b) A =W,χ, c+, c−

The second line of ΠZAT shows fermionic contribution. No fermionic contribution appears in
ΠZAL .

ΠZAT (s) =
αcW
4πsW

∙
CZA,TCUV + d

ZA,T
WW F0(W,W ) + d

ZA,T
0

− 2

c2W

X
f

Qf
³
2I3 − 4Qfs2

w

´µ1
6
CUV − F12(f, f)

¶
s

⎤⎦ (260)

CZA,T =

Ã
1

6c2W
+ 3

!
s+ 2M2

Z + 2α̃(s−M2
Z) + 2β̃s (261)

dZA,TWW =

Ã
− 1

6c2W
− 3

!
s− 4

3
M2
Z − 4M2

W − 2α̃(s−M2
Z)− 2β̃s (262)
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dZA,T0 = logM2
W

µ
−2
3
M2
Z + 4M

2
W

¶
+

1

9c2W
s (263)

ΠZAL (s) =
αcW
4πsW

2(1− α̃)M2
Z (CUV − F0(W,W )) (264)

9.4 A− A
(a) (A,B) = (W,W ), (W,χ), (χ,W ), (χ,χ), (c+, c+), (c−, c−), (f, f)
(b) A =W,χ, c+, c−

The second line of ΠAAT shows fermionic contribution. Longitudinal part ΠAAL is exactly 0.

ΠAAT (s) =
α

4π

∙
CAA,TCUV + d

AA,T
WW F0(W,W ) + d

AA,T
0

−8
X
f

Q2
f

µ
1

6
CUV − F12(f, f)

¶
s

⎤⎦ (265)

CAA,T = 3s+ 4α̃s (266)

dAA,TWW = −3s− 4M2
W − 4α̃s (267)

dAA,T0 = 4M2
W logM

2
W (268)

ΠAAL (s) = 0 (269)

9.5 W −W
(a) (A,B) = (Z,W ), (Z,χ), (A,W ), (A,χ), (H,χ), (H,W ), (χ3,χ),

(cZ , c+), (cZ , c−), (cA, c+), (cA, c−), (f, f 0)
(b) A = A,Z,W,H,χ3,χ, c

+, c−

The last lines of ΠWW
T and ΠWW

L shows fermionic contribution.

ΠWW
T (s) =

α

4πs2
W

∙
CWW,TCUV + d

WW,T
ZW F0(Z,W ) + d

WW,T
HW F0(H,W ) + d

WW,T
AW F0(A,W ) + d

WW,T
0

−1
2

X
doublet

½
4

µ
1

6
CUV − F12(f, f

0)
¶
s

−(m2
f +m

02
f )CUV + 2m

2
fF1(f

0, f) + 2m02
f F1(f, f

0)
¾¸

(270)
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CWW,T =
19

6
s+ 2M2

W −M2
Z + 2α̃s

2
W (M

2
W − s) + 2β̃c2W (M2

W − s) (271)

dWW,T
ZW =

(1 + 8c2W )(M
2
Z −M2

W )
2

12s
+

µ
1

12
− 10
3
c2W

¶
s− 4

3
c2WM

2
W −

9

2
M2
W +

5

6
M2
Z

+2β̃c2W (s−M2
W )

(272)

dWW,T
HW =

(M2
H −M2

W )
2

12s
+
1

12
s− 1

6
M2
H +

5

6
M2
W (273)

dWW,T
AW =

2s2
W (M

2
W )

2

3s
− 10
3
s2
W s−

4

3
s2
WM

2
W + 2α̃s2

W (s−M2
W ) (274)

dWW,T
0 = logM2

W

Ã
5

3
M2
W +

M2
W (M

2
H +M

2
Z − 2M2

W )

12s

!

+ logM2
H

Ã
−(M

2
H −M2

W )M
2
H

12s
+
1

6
M2
H

!

+ logM2
Z

Ã
−(M

2
Z −M2

W )(M
2
Z + 8M

2
W )

12s
+
4

3
M2
W +

1

6
M2
Z

!

+
(M2

Z −M2
W )(M

2
Z + 7M

2
W )

12s
+
(M2

H −M2
W )

2

12s
+
1

9
s

(275)

ΠWW
L (s) =

α

4πs2
W

∙
CWW,LCUV + d

WW,L
ZW F0(Z,W ) + d

WW,L
HW F0(H,W ) + d

WW,L
AW F0(A,W ) + d

WW,L
0

−1
2

X
doublet

n
−(m2

f +m
02
f )CUV + 2m

2
fF1(f

0, f) + 2m02
f F1(f, f

0)
o#

(276)

CWW,L = 2M2
W −M2

Z + 2α̃s
2
WM

2
W + 2β̃c2WM

2
W + 5α̃2s2

W s+ 5β̃
2c2W s+

1

4
δ̃2s+

1

4
κ̃2s (277)

dWW,L
ZW = −(1 + 8c

2
W )(M

2
Z −M2

W )
2

4s
− 3M2

W +M2
Z

+β̃(4c2W − 6)M2
W +

1

2
κ̃(M2

W −M2
Z) + β̃2(M2

W − c2WM2
W − 5c2W s)−

1

4
κ̃2s

(278)

dWW,L
HW = −(M

2
H −M2

W )
2

4s
+M2

W +
1

2
δ̃(M2

W −M2
H)−

1

4
δ̃2s (279)
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dWW,L
AW = −2s

2
W (M

2
W )

2

s
+ 4α̃s2

WM
2
W − α̃2s2

W (M
2
W + 5s) (280)

dWW,L
0 = logM2

W

³(2M2
W −M2

H −M2
Z)M

2
W

4s

+

µ
−6α̃s2

W − 6β̃c2W + α̃2s2
W + β̃2c2W −

1

2
δ̃ − 1

2
κ̃

¶
M2
W

´

+ logM2
H

Ã
(M2

H −M2
W )M

2
H

4s
+
1

2
δ̃M2

H

!

+ logM2
Z

Ã
(M2

Z −M2
W )(M

2
Z + 8M

2
W )

4s
+ 6β̃M2

W − β̃2M2
W +

1

2
κ̃M2

Z

!

−(M
2
H −M2

W )
2 + (M2

Z −M2
W )(M

2
Z + 7M

2
W )

4s
+ 6α̃s2

WM
2
W − 6β̃s2

WM
2
W

−α̃2s2
W (2s+M

2
W ) + β̃2(s2

WM
2
W − 2c2W s) +

1

2
δ̃(M2

W −M2
H) +

1

2
κ̃(M2

W −M2
Z)

(281)

9.6 H −H
(a) (A,B) = (W,W ), (W,χ), (χ,W ), (χ,χ), (Z,χ3), (χ3,χ3), (Z,Z), (H,H),

(c+, c+), (c−, c−), (cZ , cZ), (f, f)
(b) A =W,Z,H,χ,χ3, c

+, c−, cZ

The second line of ΠH shows fermionic contribution. Since the tadpole contribution appears
with ΠH , we present the formula for the sum.

ΠH(s) +
3δT

v
=

α

4πs2
W

"
CHCUV + d

H
WWF0(W,W ) + d

H
ZZF0(Z,Z) + d

H
HHF0(H,H) + d

H
0

+
X
f

m2
f

M2
W

½
s

2
CUV + 2m

2
f (1− logm2

f )−
1

2
(s− 4m2

f )F0(f, f)

¾⎤⎦
(282)

CH = −
Ã
1

2c2W
+ 1

!
s− 1

4c2W
M2
H +

3

4

(M2
H)

2

M2
W

− 1
2
M2
H + δ̃(M2

H − s) +
1

2c2W
ε̃(M2

H − s) (283)

dHWW = s− 3M2
W −

1

4

(M2
H)

2

M2
W

+ δ̃(s−M2
H) (284)

dHZZ =
1

2
c2W s−

3

2c2W
M2
Z −

1

8

(M2
H)

2

M2
W

+
1

2c2W
ε̃(s−M2

H) (285)
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dHHH = −
9

8

(M2
H)

2

M2
W

(286)

dH0 = logM2
W

µ
1

2
M2
H + 3M

2
W

¶
+ logM2

H

Ã
3(M2

H)
2

4M2
W

!

+ logM2
Z

Ã
M2
H

4c2W
+
3M2

Z

2c2W

!
− M

2
H

4c2W
− 3M

2
Z

2c2W
− 3(M

2
H)

2

4M2
W

− 1
2
M2
H − 3M2

W

(287)

9.7 χ− χ

(a) (A,B) = (H,W ), (H,χ), (χ3,W ), (Z,χ), (Z,W ), (A,χ), (A,W ), (c
Z , c+), (cZ , c−), (f, f 0)

(b) A = A,Z,W,H,χ3,χ, c
+, c−

The second line of Πχ shows fermionic contribution. Since the tadpole contribution appears
with Πχ, we present the formula for the sum. It is observed that Cχ, coefficient for the divergent
part, is proportional to s in the linear gauge.

Πχ(s) +
δT

v
=

α

16πs2
W

∙
CχCUV + d

χ
ZWF0(Z,W ) + d

χ
HWF0(H,W ) + d

χ
AWF0(A,W ) + d

χ
0

+2s
X
f

m2
f

M2
W

¡
CUV − 2F1(f

0, f)
¢⎤⎦

(288)

Cχ = −
Ã
2

c2W
+ 4

!
s− 32α̃s2

WM
2
W + 32β̃s2

WM
2
W + 16α̃2s2

WM
2
W + 16β̃2c2WM

2
W

+2δ̃(s+M2
H) + 3δ̃

2M2
W + 2κ̃s− κ̃2M2

W

(289)

dχZW =

Ã
2− 8s2

W +
2

c2W

!
s− 16c2WM2

W −
6

c2W
M2
W −

1

c2W
M2
Z − 8s2

WM
2
W + 23M2

W

−32β̃s2
WM

2
W − 16β̃2c2WM

2
W − 2κ̃s+ κ̃2M2

W

(290)

dχHW = 2s−M2
W + 2M2

H −
(M2

H)
2

M2
W

− 2δ̃(s+M2
H)− 3δ̃2M2

W (291)

dχAW = 8s2
W (s−M2

W ) + 32α̃s
2
WM

2
W − 16α̃2s2

WM
2
W (292)

dχ0 = logM2
W

³
−M2

H + 2M
2
W −M2

Z

´
+ logM2

H

Ã
(M2

H)
2

M2
W

−M2
H

!

+ logM2
Z

Ã
M2
Z

c2W
+ 8s2

WM
2
Z −M2

Z

!
− (M

2
H)

2

M2
W

+ 2M2
H + 6M

2
W −

M2
Z

c2W
− 6M2

Z

+16α̃s2
WM

2
W − 16β̃s2

WM
2
W − 8α̃2s2

WM
2
W − 8β̃2c2WM

2
W

(293)
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9.8 χ3 − χ3

(a) (A,B) = (W,χ), (χ,W ), (H,Z), (H,χ3), (c
+, c+), (c−, c−), (f, f)

(b) A =W,Z,χ3,χ, H, c
+, c−, cZ

The second line of Πχ3 shows fermionic contribution. Since the tadpole contribution appears
with Πχ3, we present the formula for the sum. It is observed that Cχ3, coefficient for the
divergent part, is proportional to s in the linear gauge.

Πχ3(s) +
δT

v
=

α

16πs2
W

∙
Cχ3CUV + d

χ3
WWF0(W,W ) + d

χ3
HZF0(H,Z) + d

χ3
0

+2s
X
f

m2
f

M2
W

(CUV − F0(f, f))

⎤⎦ (294)

Cχ3 = −
Ã
2

c2W
+ 4

!
s+ ε̃

2

c2W
(M2

H + s) + ε̃2 3

c2W
M2
Z − 4κ̃s (295)

dχ3
WW = 4s+ 4κ̃s (296)

dχ3
HZ =

1

c2W

Ã
2M2

H −M2
Z + 2s−

(M2
H)

2

M2
Z

− 2ε̃(M2
H + s)− 3ε̃2M2

Z

!
(297)

dχ3
0 =

1

c2W

"
logM2

H

Ã
(M2

H)
2

M2
Z

−M2
H

!
+ logM2

Z

³
−M2

H +M
2
Z

´
− (M

2
H)

2

M2
Z

+ 2M2
H −M2

Z

#
(298)

9.9 Z − χ3

(a) (A,B) = (W,χ), (χ,W ), (H,χ3), (H,Z), (c
+, c+), (c−, c−), (f, f)

(b) None

The second line of ΠZχ3 shows fermionic contribution.

ΠZχ3(s) =
αMZ

8πs2
W c

2
W

∙
CZχ3CUV + d

Zχ3
WWF0(W,W ) + d

χ3
HZF0(H,Z) + d

Zχ3
0

+
X
f

m2
f

M2
Z

(CUV − F0(f, f))

⎤⎦ (299)

CZχ3 =

µ
−3
2
− 3c2W + 4c4W

¶
− 4β̃c4W +

1

2
ε̃

Ã
1 +

M2
H

M2
Z

!
+ ε̃2 − κ̃c2W (300)

dZχ3
WW = 3c2W − 4c4W + 4β̃c4W + κ̃c2W (301)

dZχ3
HZ = −(M

2
H −M2

Z)
2

2sM2
Z

+
3

2
+ ε̃

Ã
−(M

2
H −M2

Z)

2s
− 1
2
− M2

H

2M2
Z

!
− ε̃2 (302)
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dZχ3
0 = (logM2

H − 1)
M2
H

2s

Ã
(M2

H −M2
Z)

M2
Z

+ ε̃

!

+(logM2
Z − 1)

M2
Z

2s

Ã
−(M

2
H −M2

Z)

M2
Z

− ε̃
! (303)

9.10 A− χ3

(a) (A,B) = (W,χ), (χ,W ), (c+, c+), (c−, c−), (f, f)
(b) None

There is no fermionic contribution.

ΠAχ3(s) =
αMW

2πsW
(1− α̃) (CUV − F0(W,W )) (304)

9.11 W − χ

(a) (A,B) = (H,W ), (H,χ), (Z,χ), (Z,W ), (A,χ), (A,W ),
(cA, c), (cZ , c+), (cZ , c−), (f, f 0)

(b) None

The second line of ΠWχ shows fermionic contribution.

ΠWχ(s) =
αMW

16πs2
W

∙
CWχCUV + d

Wχ
ZWF0(Z,W ) + d

χ3
HWF0(H,W ) + d

Wχ
AWF0(A,W ) + d

Wχ
0

+4
X

doublet

1

M2
W

(
m2
f +m

02
f

2
CUV −

³
m02
f F0(f

0, f) + (m2
f −m02

f )F1(f
0, f)

´)#
(305)

CWχ = − 3

c2W
+ 2

−12α̃s2
W + β̃(16− 12c2W ) + 18α̃2s2

W + 18β̃2c2W

+δ̃

Ã
1 +

M2
H

M2
W

!
+ κ̃+ 2δ̃2

(306)

dWχ
ZW = −(1 + 8c

2
W )s

2
W (M

2
Z −M2

W )

c2W s
− 4c2W + 3

s2
W

c2W
− 8s2

W + 2

+β̃

Ã
−12c2W

M2
Z −M2

W

s
− 16 + 12c2W

!
+ β̃2

Ã
2c2W

M2
Z −M2

W

s
− 18c2W

!

+κ̃

Ã
M2
Z −M2

W

c2W s
− 1

!
(307)
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dWχ
HW = −(M

2
H −M2

W )
2

sM2
W

+ 3 + δ̃

Ã
−M

2
H −M2

W

s
− M

2
H

M2
W

− 1
!
− 2δ̃2 (308)

dWχ
AW = −8s

2
WM

2
W

s
+ 4s2

W + 12α̃s2
W

Ã
1 +

M2
W

s

!
+ α̃2s2

W

Ã
−18− 2M

2
W

s

!
(309)

dWχ
0 = logM2

W

Ã
−M

2
Z +M

2
H − 2M2

W

s
− 12(α̃s2

W + β̃c2W )
M2
W

s
+ 2(α̃2s2

W + β̃2c2W )
M2
W

s

!

+ logM2
H

Ã
M2
H(M

2
H −M2

W )

sM2
W

+ δ̃
M2
H

s

!

+ logM2
Z

Ã
8s2
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2
W + s2
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2
Z

c2W s
+ 12β̃

M2
W

s
− 2β̃2M

2
W

s
+ κ̃

M2
Z

s

!

−7s
2
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2
Z

s
− s

2
WM

2
Z

c2W s
− (M

2
H −M2

W )
2

sM2
W

− δ̃M
2
H −M2

W

s
− κ̃M

2
Z −M2

W

s

+4α̃s2
W

Ã
3
M2
W

s
+ 2

!
− 4β̃s2

W

Ã
3
M2
W

s
+ 2

!
− 2α̃2s2

W

Ã
M2
W

s
+ 4

!
+ 2β̃2

Ã
s2
WM

2
W

s
− 4c2W

!
(310)

9.12 H − Z,A,χ3

H − Z
(a) (A,B) = (W,W ), (W,χ), (χ,W ), (χ,χ), (c+, c+), (c−, c−), (f, f)
(b) None

H −A
(a) (A,B) = (W,W ), (W,χ), (χ,W ), (χ,χ), (c+, c+), (c−, c−), (f, f)
(b) None

H − χ3

(a) (A,B) = (W,χ), (χ,W ), (c+, c+), (c−, c−), (f, f)
(b) A = c+, c−

For these two-point functions, there are some diagrams as in the above table. However, the
explicit calculation shows that the total result is 0 for these 3 two-point functions. This holds
for both in the linear gauge case and in the non-linear one. Contribution of fermion loop is 0 by
itself.

The vanishing of these functions can be understood as follows. The higgs field H can acquire
the vacuum expectation value. Since the vacuum is scalar, these functions should be 0 in order
to avoid the case where a vector or pseudoscalar field has non-zero vacuum expectation value.

9.13 f − f
(a) (A,B) = (f,A), (f, Z), (f 0,W ), (f,H), (f,χ3), (f

0,χ)
(b) None
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By the CP-invariance condition Kf
5 = 0 holds.

Kf
j (s) =

α

4π

∙
Q2
fK

A
j +

1

c2w
Q2
fs

2
wK

Z(1)
j ∓ 1

2c2w
QfK

Z(2)
j +

1

8s2
wc

2
w

K
Z(3)
j

+
1

4s2
w

KW
j +

1

4s2
wc

2
w

m2
f

M2
Z

KS
j

#
(j = 1, γ, 5γ)

(311)

KA
1 = mf [−4CUV + 2 + 4F0(f,A)]

KA
γ = CUV − 1− 2F1(f,A)

KA
5γ = 0

(312)

K
Z(1)
1 = mf [−4CUV + 2 + 4F0(f, Z)], K

Z(2)
1 = K

Z(1)
1 , K

Z(3)
1 = 0

K
Z(1)
γ = CUV − 1− 2F1(f, Z), K

Z(2)
γ = K

Z(1)
γ , K

Z(3)
γ = K

Z(1)
γ

K
Z(1)
5γ = 0, K

Z(2)
5γ = −KZ(1)

γ , K
Z(3)
5γ = −KZ(1)

γ

(313)

KW
1 = 0

KW
γ = CUV − 1− 2F1(f

0,W )

KW
5γ = −KW

γ

(314)

KS
1 = mf

"
−F0(f,H) + F0(f, Z)− 2

m02
f

m2
f

(CUV − F0(f
0,W ))

#

KS
γ = CUV − F1(f,H)− F1(f, Z) +

1

2

Ã
1 +

m02
f

m2
f

!
(CUV − 2F1(f

0,W ))

KS
5γ = +

1

2

Ã
1− m

02
f

m2
f

!
(CUV − 2F1(f

0,W ))

(315)
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10 Renormalization constants

10.1 Vector part

δZ
1/2
AA

δZ
1/2
AA =

α

4π

⎡⎣µ3
2
+ 2α̃

¶
CUV −

µ
3

2
+ 2α̃

¶
logM2

W +
1

3
− 2
3

X
f

Q2
f

³
CUV − logm2

f

´⎤⎦ (316)

δZ
1/2
ZA

δZ
1/2
ZA =

αcW
4πsW

n
(−2 + 2α̃)CUV + (2− 2α̃) logM2

W

o
(317)

(No fermion term appears in δZ
1/2
ZA .)

δZ
1/2
AZ

δZ
1/2
AZ =

αcW
4πsW

⎡⎣Ã 1

6c2W
+ 5 + 2β̃

!
−
X
f

1

3
Qf

³
2I3 − 4Qfs2

w

´⎤⎦CUV + δZ
1/2
AZ,fin (318)

δZ
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AZ,fin =

αcW
4πsW

h
F0(W,W,Z)

Ã
−4c2W −

1

6c2W
− 13
3
− 2β̃

!
+ logM2

W

µ
4c2W −

2

3

¶

+
1

9c2W
+ 2

X
f

Qf
³
2I3 − 4Qfs2

w

´
F12(f, f, Z)

i (319)

δZ
1/2
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δZ
1/2
ZZ =

α

4πs2
W c

2
W

⎡⎣3
2
c4W +

1

6
c2W −

1
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1
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X
f

n
(2I3 − 4Qfs2

w)
2 + 1
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+δZ
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ZZ,fin,b + δZ
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(320)
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δZ
1/2
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α

4πs2
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2
W
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µ
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H
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H
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H
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H
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H
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´
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− c2W β̃ − s2

W α̃−
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H
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H
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H
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+
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+
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H
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δM2
Z

δM2
Z = δM2

Z,b + δM2
Z,f (326)
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H
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H
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H
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H
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H
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H

M2
W

− 3
2
− 1

12c2W

!
+ logM2

H
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10.2 Higgs part
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H
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H
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H
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H
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H
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H
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H
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H
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H
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H
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H
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H
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10.3 Charge renormalization

A,Z,H,χ3 W,χ

e ν
+Σe(p

2)=

(a) (b)

A,Z,H,χ3

W/χe

ν
+Γµe (q

2)=

(a) (b)

q, µ
W/χ

q, µ

Figure 6: Electron self energy and eeA vertex

In order to calculate the charge renormalization constant δY , we calculate the eeA one-loop
vertex Γµe (0). Here, the momentum of A is 0 and electrons are on mass-shell.

The diagrams are shown in Fig.6. Due to the identities

∂

∂pµ

µ −1
6 p+ 6 `−m

¶
=

−1
6 p+ 6 `−mγµ

−1
6 p+ 6 `−m (338)

and
∂

∂pµ

µ
1

(p+ `)2 −M2

¶
=

−2(p+ `)µ
((p+ `)2 −M2)2

, (339)
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The major part of terms in Γµe (0) can be calculated by the corresponding fermion self energy.
Using the notation in Fig.6,

(a)A,Z,H,χ3 Γµe (0) = (−e)
∂

∂pµ
Σ(p2)

¯̄̄̄
¯ 6p=m , (340)

(b)W,χ Γµe (0) = (−e)
∂

∂pµ
Σ(p2)

¯̄̄̄
6̄p=m

+Gµe . (341)

We write the (b) terms for Γµe (0) explicitly.

e

µ
e√
2sW

¶2

B
−1
6 p− 6 `A

N

(`2 −M2
W )

2
(342)

where

⎧⎪⎪⎪⎨⎪⎪⎪⎩
B = γβL,A = γαL,N = 2gαβ`µ − (1− α̃)(`αgβµ + `βgαµ) WW
B = (me/MW )L,A = (me/MW )R,N = −2`µ χχ
B = γβL,A = (me/MW )R,N = (1− α̃)MW g

βµ Wχ
B = (me/MW )L,A = γαL,N = (1− α̃)MW g

αµ χW

(343)

The terms proportional to (1− α̃) contribute to Gµe term.

Gµe = e

µ
e√
2sW

¶2

(1− α̃) d

dM2
W

Z
dn`

i(2π)n
1

`2 −M2
W∙

γµL
1

6 p− 6 ` 6 `L+ 6 `L
1

6 p− 6 `γ
µL− γµL 1

6 p− 6 `meR−meL
1

6 p− 6 `γ
µL

¸ (344)

In the handling of the numerator, we can use the mass-shell condition to replace leftest(rightest)
6 p by me. After the integration by ` and differentiation by M

2
W ,

Gµe =
e

16π2

µ
e√
2sW

¶2

(1− α̃)
Z 1

0
dx

∙
2x

µ
CUV +

1

2
− logD2

¶
+ 2D2

−x
D2

+m2
ex

2−x
D2

¸
(−2γµL)

(345)
where D2 = xM

2
W − x(1− x)m2

e. After the integral by x we obtain

Gµe = −
α

4π

e

s2
W

(1− α̃)(CUV − logM2
W )γ

µL (346)

Here it should be noted that the final result is independent of the electron mass me.
As defined in Sec.7.5,

Σ(p2) = K1I +Kγ 6 p+K5γ 6 pγ5 (347)

where we have dropped K5γ5. Then

∂

∂pµ
Σ(p2) = 2pµ(K1I +Kγ 6 p+K5γ 6 pγ5) +Kγγ

µ +K5γγ
µγ5 (348)

Using the identity 2pµ =6 pγµ + γµ 6 p and the mass-shell condition, it becomes
∂

∂pµ
Σ(p2)

¯̄̄̄
¯ 6p=m = (2meK

0
1(m

2
e) + 2m

2
eK

0
γ(m

2
e) +Kγ(m

2
e))γ

µ +K5γ(m
2
e)γ

µγ5

= −2δZ1/2
eL γµL− 2δZ1/2

eR γµR

(349)
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Here Eq.224 is used. We obtain

Γµe (0) = (−e)
h
−2δZ1/2

eL γµL− 2δZ1/2
eR γµR

i
+Gµe (350)

The counter term for eeA vertex, Γµe (0), is defined in Sec.7.4.8. The sum of loop term and
the counter term is as follows.

Γ̃µe (0) = Γµe (0) + Γ̂
µ
e (0)

= (−eγµ)
µ
δY + δZ

1/2
AA −

sW
cW

δZ
1/2
ZA

¶
+

∙
− e

2sW cW
δZ

1/2
ZAγ

µL+Gµe

¸ (351)

The second term ([· · ·]), which is proportional to 1−α̃ and γµL becomes 0 by Eq.346 and Eq.317.
By the renormalization condition (Eq.225) Γ̃µe (0) = 0,

δY = −δZ1/2
AA +

sW
cW

δZ
1/2
ZA (352)

By Eq.316 and Eq.317,

δY =
α

4π

⎧⎨⎩−72(CUV − logM2
W )−

1

3
+
2

3

X
f

Q2
f (CUV − logm2

f )

⎫⎬⎭ . (353)
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