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Abstract—This paper proposes a new online allocation
algorithm of indivisible goods. In online algorithms,
participants arrive to execute the algorithm at any time and
exit from the algorithm when his/her allocation is given. We
assume that the total value of the whole goods is the same for
every participant. In cake-cutting algorithms for divisible
goods, immediately envy-free has been defined as the desirable
property. The property means that for any participants, any
other participants who arrive after and depart before the
participant obtain no more value than the participant.
However, it is difficult for online allocation algorithms for
indivisible goods to satisfy immediately envy-free. Therefore
we propose a weakly immediately envy-free algorithm, which
means that participants do not value goods allocated to
participants who arrived later but departs earlier than them,
more than their own. Our algorithm aims to maximize the
worst obtained value among all participants. We show that this
problem involves an NP-complete problem. Thus, it is very
difficult to always output an optimal solution. We propose an
approximation algorithm and prove its approximation ratio.
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. INTRODUCTION

We consider the problem of fair allocation of multiple
indivisible goods among multiple participants. This paper
discusses an online allocation problem of indivisible goods
that models allocating multiple presents among multiple
participants in a party, paying rewards to multiple employee
by indivisible goods, and so on. We aim to satisfy weakly
immediately envy free, which means that participants do not
value goods allocated to the participants who arrived later
but departs earlier than them, more than their own. In
addition, our algorithm aims to maximize the worst
participant's obtained value of allocated goods among the
participants. Several approximation algorithms have been
discussed for different rating scales, such as the maximin
share guarantee [1-3]. However, these algorithms first divide
the goods into groups such that the minimum of each group's
total value is guaranteed, and then assign the groups to the
participants to maximize the sum of each participant's
obtained value. Maximizing the sum is the aim of the second
phase of the algorithm, and these algorithms are offline
allocation algorithm. For divisible goods, online cake cutting
algorithm was proposed [4], but as far as the authors know,
there is no online algorithm of indivisible goods. We prove
that this problem contains a case when solving an NP-
complete problem is necessary. Thus we propose an
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approximation algorithm and prove its approximation ratio.
By a computer simulation, we show that the approximation
ratio of our algorithm is much better than the worst case
bound.

Il.  PROBLEM DEFINITION

This paper discusses an online allocation problem of
indivisible goods. The allocation problem is defined as
follows.

The set of participants is denoted by X ={x, X,,..., X.}.

The set of goods is denoted by V ={v,,V,,...,V,.}.

The evaluation function of each participant for the goods
isdenotedby P =(1<i<n) :V —N.

We assume that the evaluation functions satisfies the
following:

Vi, jL<i<nl< j<m)P(v,)21,

ZTZIF?(V,-):P(lsign)_

That is, the total evaluation of the whole goods is the
same for every participant. Though the actual evaluation
values might differ among the participants, they are
normalized. This assumption is natural for the allocation
problem, since obtaining all goods is the best result and the
ratio compared with the best result is each participant's
interest. In this paper we call the unit of evaluation as a point.
In addition, there is no good that has no value for any
participants. We assume that all participants are risk-adverse.

An allocation is function A: X — 2 (Subset of V).

It must satisfy the following equations: U], A(x) =V
and A(x)NA(x.)=gforany i,i'(i =i’).

The total points of allocated goods for X; by allocation
algorithm A is denoted by u, (A) :Z\/jeA(xi) P(v,).

The minimum value of U; by the allocation A is
denoted by u(A)=min, _, u;(A).
The optimal u(A) by an exhaustive search that ignores

weakly immediately envy-free is denoted by u(;&) .

This paper considers that the best allocation is as follows.
(1) The allocation must be weakly immediately envy free,



which means that participants do not value goods allocated
to participants who arrived later but departs earlier than them,
more than their own. (2) If there are multiple allocations that
satisfy (1), u(A) is the largest.

In many allocation problems, the participant who departs
the allocation before the next participant arrives tends to
cause bad effect for the allocation [4]. As a penalty, if there
is a participant who wants to depart the allocation before the
next participant arrives, we do not consider about weakly
immediately envy free for the participant.

Even no matter how the participants arrive, there is an
instance when the number of participants who have not yet
been allocated is two. This allocation problem contains a
case when solving an NP-complete problem is necessary.
When the last allocation is executed between the last two
participants, obtaining an optimal allocation is NP-complete,
as shown in the following, because it belongs to NP and it
has a reduction from a partition problem.

For the proof of NP-completeness, let us consider the
following decision problem [5-7].

Input: X,V, P, and integer k
Question: Is there A such that U(A) >k ?

It is obvious that this decision problem belongs to NP.
NP-hardness can be proved by a reduction from the
following decision problem of the partition problem.

Input: Set of integers ¥ ={S,,S,,..., S, }, that satisfies

Zsi ey Si

Question: Is there an allocation (¥, ¥,) such that
=YX XX, =¢,and = ?
X=XV a0 X =9 Zsi o S Zsi o, Si

When n=2,m=p,P, =P, andk =L, the partition
problem has a solution if and only if the allocation problem
has a solution. For example, partition problem
(x=1{38,4125912,2,6},2L =52) can be converted to
an allocation problem ( n=2 , m=10 , P=52 ,
P ={38412591226} , P,={3841259122,6} ,
k=2L/2=26). In this case, there is allocation A ,
A(Xl) :{Vl,V3,V4,V7,V10} ’ A(XZ):{VZ!VS'VG’VB’V9} ’
u(A)=26,as y, ={3412,16}, », ={8,59,2,2}.

It is obvious that the partition problem has a solution if
and only if the corresponding allocation problem has a
solution.

Since the partition problem is NP-complete, the
allocation problem contains a case when solving an NP-
complete problem is necessary. Because of the NP-
completeness, we consider an approximate solution that is as
close as possible to the optimal solution.

NP-COMPLETENESS
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IV. THE PROPOSED ALGORITHM

We propose an approximation algorithm. Note that
participants have P that satisfies the condition in the

problem definition.

1) Wait for participants until the number of participants
who are waiting for allocation is two or more. If a
participant wants to depart the allocation before the next
participant arrives, he/she can get any one good he/she
prefers and depart.

2) Every participant checks currently remaining goods,
and declares the minimum number of goods they are
satisfied. (Every participant cannot declare more than T,
where T is the number of remaining goods divided by the
number of participants who have not been obtained his/her
allocation.)

3) From the declared numbers, the participant who
declares the minimum number gets the number of goods
whatever he/she likes. If there are multiple participants who
declare the minimum number, the participant who arrived
the earliest gets the number of goods whatever he/she likes.
The participant who got goods departs from the allocation.

4) Repeat step 1, 2 and 3 until the number of
participants who have not yet been allocated is one.

5) The last participant gets all the remaining goods and
departs.

The proposed algorithm tends to keep more goods for
participants who have not yet arrived. We cannot know P, of

a player who has not yet arrived, and there are no goods
whose value is 0, therefore to keep more goods tend to lead a
good allocation. Since all participants are risk-adverse,
participants do not declare false number.

If the proposed algorithm is not weakly immediately
envy-free, there is a participant who knows another
participant's A(x;) and feel envy. Because of the

characteristics of step 2 and 3 of the proposed algorithm, the
participant who arrives earlier than the remaining
participants can definitely get more value than he/she is
satisfied. If he declares the minimum number, he can get
goods that he wants, and if another participant declares a
smaller number than his one, the participant gets low-value
goods for him and departs. Therefore, this algorithm outputs
weakly immediately envy-free solution.

Let us discuss the early depart rule in step 1. Consider the
case when one participant is waiting for next participant. If
the participant declares one in the next round, the participant
definitely wins in the round and obtains one good he/she
prefers because of the rule in step 3. Thus, the participant can
depart without waiting for the next participant if he/she is
satisfied with one good.



V. EXAMPLE

A. Examplel

Input: n=3, m=4, P=100, R, ={30,30,20,20},
P, ={80,10,5,5}, P, ={30,10,20,40}.

The optimal solution for this example, that is obtained by
an exhaustive search, is as follows. A(x)=4{v,,v,;} .
AG) ={v} s A(%) ={v.} . ul(A) =50 , uz(A):SO '
u;(A) =40, u(A) =40.

Suppose the following order of arrivals. The first
participant x, and the second participant x, arrive. The

number of participants who have not yet been allocated is
three. The sum of the value of remaining goods is 100 for x,,

thus x, is satisfied if he gets at least 120 points. The sum of
the value of remaining goods is 100 for x,, thus x, is
satisfied if he gets at least 120 points. x, declares that x, is
satisfied with two goods, for example, A(x,) ={v,,V,}- X,
declares that x, is satisfied with one good, for example,
A(X,) ={v,}. x, declares a smaller number than x,, thus x,
can get one good whatever he wants and depart. x, gets v,
and departs. The third participant x, arrives after x, 's depart.

Currently, the number of participants who have not yet been
allocated is two. The sum of the value of remaining goods is
70 for x,, thus x, is satisfied if he gets at least 22 points.

The sum of the value of remaining goods is 70 for x,, thus
X, Is satisfied if he gets at least 22 points. x, declares that
X, Is satisfied with goods, for example,
A(X) ={v,,V,}. x, declares that x, is satisfied with one
good, for example, A(x,)={v,}. x, declares a smaller
number than x , thus x, can get one good whatever he
wants and depart. x, gets v, and departs. Currently, the

number of participants who have not yet been allocated is
one. x, gets all remaining goods and departs. x, gets v, and

v, and departs.
In this case, A(X1)={V2,V3}, A(Xz):{vl}' A(X3) :{V4}’
u,(A)=50 , U,(A)=80, uy(A)=40, u(A)=40. In this

example, the proposed algorithm outputs the optimal
solution.

two

B. Example 2

Input: n=4, m=8, P=100, P, ={50,20,2,2,2,2,2},
P, ={10,20,20,10,10,10,10,10} , P, ={20,20,10,10,10,10,10,10},
P, ={5,5,5,5,10,20,30,20}.

The optimal solution for this example, that is obtained by
an exhaustive search, is as follows. A(x)=4{v} .
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A, ={V,, Vo A% ={V,, Vs, Ve}s A(X,) ={v;, v, 3} U (A)=50,
U,(A) =40, u,(A) =30,u,(A) =50, u(A) =30.

Suppose the following order of arrivals. The first
participant x, and the second participant x, arrive. The

number of participants who have not yet been allocated is
four. The sum of the value of remaining goods is 100 for x,,

thus x, is satisfied if he gets at least % points. The sum of
the value of remaining goods is 100 for x,, thus x, is
satisfied if he gets at least 120 points. x, declares that x, is
satisfied with one good, for example, A(x)={v} . x,
declares that x, is satisfied with two goods, for example,
A(x,) ={v,,v;}- X, declares a smaller number than x,, thus
X, can get one good whatever he wants and depart. x, gets
v, and departs. The third participant x, arrives after x,'s

depart. Currently, the number of participants who have not
yet been allocated is three. The sum of the value of
remaining goods is 90 for x,, thus x, is satisfied if he gets

at least 92 points. The sum of the value of remaining goods
is 80 for x,, thus x, is satisfied if he gets at least £ points.
x, declares that x, is satisfied with two goods, for example,
A(x,) ={v,,v;} - X, declares that x, is satisfied with two
goods, for example, A(x,)={v,,v.}- x, and x, declares the
same number, thus the earliest participant x, can get two
goods whatever he wants and depart. x, gets v, and v,, and
departs. The fourth participant x, arrives after x,'s depart.

Currently, the number of participants who have not yet been
allocated is two. The sum of the value of remaining goods is
50 for x,, thus x, is satisfied if he gets at least 52 points.

The sum of the value of remaining goods is 85 for x,, thus
X, Is satisfied if he gets at least & points. x, declares that
X, Is satisfied with three goods, for example,
A(X,) ={V,, Vs, Ve } - Xy declares that x, is satisfied with two
goods, for example, Ax,) ={V, v, - X, declares a smaller
number than x,, thus x, can get two goods whatever he
wants and depart. x, gets v, and v,, and departs. Currently,

the number of participants who have not yet been allocated is
one. x, gets all remaining goods and departs. x, gets v, , v;,

and v,, and departs.

In this case, A(X1) :{Vl}’ A(Xz):{vzrvs}‘ A(Xs) :{V41V5'V3}’
A(X,) ={Ve, v, }+ U, (A) =50, U,(A) =40, u,(A)=30,u,(A) =50,
u(A)=30. In this case, x, knows A(x,), x, arrives later
than x, and departs before than x,. If x, feels envy to x,,

the allocation is not weakly immediately envy-free. However,
u,(A) =30 and u,(A(x,)) =20- X, does not feel envy to x, .



In this example, the proposed algorithm outputs the weakly
immediately envy-free and optimal solution.
C. Example 3

Input: n=4 , m=8 P =100 ,
R, ={20,20,1510,10,10,10,5}, P, ={15,1515,151515,5,5},
P, ={2,35101515,25,25}, P, ={3510,10,10,10,1010,5}.

The optimal solution for this example, that is obtained by
an exhaustive search, is as follows. A(x)={v,,v.} .
A(Xz) :{VA’VS'VS} 1 A(Xs) ={v;, Vg} s AX) ={v.} UI(A) =35,
u,(A) =45, u,(A)=50,u,(A) =35, u(A)=35.

Suppose the following order of arrivals. The first
participant x, and the second participant x, arrive at this

allocation. The number of participants who have not yet been
allocated is four. The sum of the value of remaining goods is
100 for x,, thus x, is satisfied if he gets at least 19 points.

The sum of the value of remaining goods is 100 for x,, thus
X, is satisfied if he gets 190 points. x, declares that x, is
satisfied with two goods, for example, A(x)={v,v,}. X,
declares that x, is satisfied with two goods, for example,
A(X,) ={v;,V,}. x, and x, declares the same number, thus
the earliest participant x, can get two goods whatever he
wants and depart. x, gets v, and v,, and departs. The third
participant x, arrives after x, 's depart. Currently, the

number of participants who have not yet been allocated is
three. The sum of the value of remaining goods is 70 for x,,

thus x, is satisfied if he gets at least 22 points. The sum of
the value of remaining goods is 95 for x,, thus x, is
satisfied if he gets at least % points. x, declares that x, is
satisfied with two goods, for example, A(x,)=4{v,,v,}. X,
declares that x, is satisfied with two goods, for example,
A(x;) ={v;,Vg}- x, and x, declares the same number, thus
the earliest participant x, can get two goods whatever he
wants and depart. x, gets v, and v, , and departs. The fourth

participant x, arrives after x, 's depart. Currently, the

number of participants who have not yet been allocated is
two. The sum of the value of remaining goods is 80 for x,,

thus x, is satisfied if he gets at least & points. The sum of
the value of remaining goods is 35 for x,, thus x, is
satisfied if he gets at least 35 points. x, declares that x, is
satisfied with two goods, for example, A(x,) ={v,,V;}- X,
declares that x, is satisfied with two goods, for example,
A(x,) ={Vs,Vs}- X, and x, declares the same number, thus
the earliest participant x, can get two goods whatever he
wants and depart. x, gets v, and v,, and departs. Currently,
the number of participants who have not yet been allocated is
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one. x, gets all remaining goods and departs. x, gets v, and
v, » and departs.

In this A) ={vi. v} AX)={v,,v,}
AX) ={v,, Vel + AX) ={ve,Ve} » U (A)=40 , Uu,(A)=30 ,
u,(A) =50,u,(A) =20, u(A)=20. The proposed algorithm

does not output the optimal solution for this example. The
reason is that we do not know P, until x, arrives. But this

allocation is weakly immediately envy free.

VI.
In this paper, we define the approximation ratio as the
ratio of u(A) by the proposed algorithm to u(,&) (u(A) by
an offline exhaustive search). The approximation ratio is

proved for the three cases, n=m, 2n<m and
n+1<m<2n-1.

A

case,

APPROXIMATION RATIO

n=m

If n=m, every participant declares that he/she is
satisfied with one good. If there is a participant who cannot
get his/her most valuable good, u(,&) <E . If every
participant values different good as the best one for him/her,
they can get the good they want by the proposed algorithm,
because of the characteristics of step 2 and 3 of the proposed
algorithm. If there are participants who values the same good
as the best one, at least one participant cannot obtain his/her

best good, thus u(,&)gg. In this case, u(A) =1, because
each participant can get one good and there is no good that
has no value for any participants. Therefore, in the case of
n=m, the approximation ratio is at least 1 _

i
2

ol

B. 2n<m

In this algorithm, there is an upper limit T for the declare
number. (Every participant cannot declare more than T ,
where T is the number of remaining goods divided by the
number of participants who have not been obtained his/her
allocation.) Every participant can get more than one goods
such that he/she is satisfied with. Therefore, every participant
can get at least 2 points. u(,&) is less than P points.

Therefore, in 2n<m, the approximation ratio is at least

1_2.
ep
C. n+l<m<2n-1

In this algorithm, a participant who arrives the earliest at
the time can at least get goods that he/she is satisfied. If
u(A) =1, there is a participant who gets only one good. In
that case, there is a round that two participants declare two
and someone definitely gets two goods. If a participant
declare two, each value of all the remaining goods for the
participant is less than £ points, where n' is the number of

participants who have not been obtained his/her allocation at
the time. When n’ =2, there are three cases. The first case is



when the number of the remaining goods is two. In this case,
there is a round that two participants declare two and gets
two goods. In this case, one of the participants gets two

goods, less than £ points, and 3<n’ at that round. u(A) is
maximized £ x 2= 2P . The second case is when the number
of the remaining goods is three. If n+1=m, there is no

round that two participants declare two and someone gets
two goods. In this case, if u(A) by the proposed algorithm is

1, the last participant and another participant need~the same
good as the most valuable good. In this case, u(A)< £ . If
n+2<m, there is a round that two participants declare two,
u(A) is less than 20 . The third case is when the number of
the remaining goods more than three, u(A) by the proposed

algorithm is 2 and more. If there is not a round that two
participants declare two, as mentioned in n=m, participants

can get the good they want. In all cases, u(,&) <P.Ifu(p)
is 2 and more, the approximation ratio is at least 2 .
Therefore, in the case of n+1=m, the approximation ratio
isatleast 1 _ 2. Inthe case of n+2<m, the approximation

PP
2
ratioisat least 1 _ 3 .
22 2P
VII. EXPERIMENT RESULTS

This algorithm is executed for 1000 randomly generated
problem instances with n=34,and5, m=3,4,5,6,7,8,9, and

10, and P =100. The table shows the average ratio of u(A)
by the proposed algorithm to u(;“) .
In this table, the proposed algorithm is compared with an

exhaustive search that ignores weakly immediately envy-free.

With that in mind, the proposed algorithm can output good
solutions. The ratio tends to decrease if n increases, because
the exhaustive search ignores weakly immediately envy-free.
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TABLE I. EXPERIMENT RESULTS

n=3 n=4 n=5
m=3 0.7498 None None
m=4 0.7440 0.5716 None
m=5 0.7494 0.5611 0.4146
m=6 0.7177 0.5623 0.4187
m=7 0.7340 0.5534 0.4279
m=8 0.7203 0.5520 0.4470
m=9 0.7188 0.5830 0.4972
m=10 0.7375 0.6013 0.5145
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