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Abstract- This paper proposes a three player envy—ﬁ'ee assignment protocol of a divisible good whose utility is positive for some players and negative

for the others. Such a good is called mixed manna. For mixed manna, current discrete envy—free cake-cutting or chore-division protocols cannot be

applied. A naive protocol to achieve an envy—free division afmixed mannafor three players needs an initial division (y(gjven mixed manna into § pieces.

This paper shows a new three player envy—ﬁree division protocol which needs an initial division into two pieces. After the initial division, it is shown that
each of the pieces can be divided using modified current envy-free cake-cutting and chore-division protocols.

I. INTRODUCTION

This paper proposes a three player envy-free assignment protocol of a divisible good whose utility is positive for some players and
negative for the others. Many works have been done for the cake-cutting problem, where a divisible good has some positive utility to
every player. There are some surveys to these problems [5, 6, 11, 12]. Some number of works have been done for the chore division
problem, where a divisible good has some negative utility to every player [7, 8, 9]. The problem can be used to assign dirty work among
people. There are some cases when a portion of a divisible good has some positive utility to some players but the same portion has some
negative utility to the other players. For example, a child does not like chocolate but another child likes chocolate on a cake. Nations
do not want a region where people who believe in different religions live. A good which has such a property is called mixed manna.
Very few works have been done for fair division of divisible mixed manna [13].

There are several assignment results for given number of indivisible mixed manna [3, 4]. Ref. [13] proved the existence of a connected
envy-free division of divisible mixed manna by three players. However, finding such a division cannot be done by a finite number of
queries. Thus, a simple protocol to divide divisible mixed manna is necessary. The most widely discussed property that fair division
protocols must satisfy is envy-freeness [5, 12]. An envy-free cake division among any number of players can be done by a fixed number
discrete operations [2]. An envy-free chore division among any number of players can also be done by a fixed number of discrete
operations [7]. This paper discusses envy-free division of a mixed manna. The above cake-cutting or chore-division protocols cannot
be used to divide a mixed manna. A naive envy-free division protocol is shown in [13], which works for any number of player, needs
many initial divisions. When the number of players is 3, the manna must be initially divided into 8 pieces. Thus the protocol is not
efficient. This paper proposes a new envy-free mixed manna division protocol for three players in which the number of initial cuts is
one. After the initial division, it is shown that each of the pieces can be divided using modified current envy-free cake-cutting and chore-

division protocols.

II. PRELIMINARIES
Throughout the paper, a mixed manna is a heterogeneous good that is represented by interval [0, 1] on areal line. It can be cut
anywhere between 0 and 1. Each player P; has a utility function, W;, that has the following properties.
(1) p;(X) can be positive or negative for any X € [0, 1].
(2) For any X7 and X, such that X1 N X, = @, p;(X; U X,) = p;(X1) + i (X2).
Note that f£;(X) and (X)) (i # j) are independent, thus 1;(X) > 0 and u;(X) < 0 for some X might occur.
The tuple of the utility function of P;(i = 1,2, ...,n) is denoted as ({41, Uy, ..., in). No player has knowledge of the utility

functions of the other players.



An n-player division protocol, f, assigns some portions of [0, 1] to each player such that every portion of [0, 1] is assigned to some
player. This means that no portion of the manna is discarded. We denote f; (g, i, ..., ) as the set of portions assigned to player P;
by f, when the tuple of the utility function is (i1, tp, ..., Uy ).

All players are risk-averse, namely they avoid gambling. They try to maximize the worst case utility they can obtain.

Several desirable properties of fair division protocols have been defined [12]. One of the most widely considered property is envy-

freeness. The definition of envy-free is as follows: for any i, j(I # J), ,ul-(fi (uq, tzy o, ,un)) > Ui (f} Uy, gy oes ,un)). Envy-free

means that every player thinks he has obtained more than or equal value to any other player.

III. ANAIVEPROTOCOL FOR MIXED MANNA

First, let us review an easy example of two player case shown in [13]. The divide-and-chose protocol for the cake-cutting problem
by two players works for a mixed manna. The divide-and-choose is as follows: the first player, called Divider, cuts the cake into two
pieces. The other player, called Chooser, selects the piece he wants among the two pieces. Divider obtains the remaining piece. The
reason that divide-and-choose works for a mixed manna is as follows. Since Divider is a risk-adverse player, Divider cuts the manna
into two pieces [0,x] and [x,1], such that u([0,x]) = u([x,1]) = 1/2u([0,1]) for Divider, whenever ([0,1]) =0 or
u([0,1]) < 0 holds. Otherwise, Chooser might select the better piece and Divider might obtain the worse piece. Since Divider cuts
the manna into two equal utility pieces, Divider does not envy Chooser. Chooser selects the better piece among the two pieces. Thus
Chooser does not envy Divider. Therefore, Divide-and-choose can be used for an envy-free division of mixed manna.

Next, let us consider a three player case. Selfridge-Conway protocol [12], shown in Fig. 1, is a discrete cake-cutting protocol to
achieve envy-freeness. This protocol cannot be used for mixed manna by several reasons. Though P; can cut the manna into three
pieces X1, X,, and X3 whose utilities are the same for Py, there can be a case when pt5(X1) > 0 and p,(X;) < 0. In this case, P,
cannot cut L from Xj so that fl, (X; — L) = py(X3). Evenif uy(X7) > 0, pp(X;) > 0, and P, can cut L from X4, there can be a
case when i3 (L) < 0 and X{ = X; — L becomes the best piece for P;. If P, or Ps selects X'1, P; envies the player. A similar
situation occurs at the assignment of L. Therefore, the Selfridge-Conway protocol cannot be used for mixed manna. Three player
envy-free chore division protocol shown in [10] cannot be used for mixed manna by a similar reason.

A naive envy-free assignment protocol for a mixed manna is shown in [13]. First, divide the manna as follows:

X123 such that any portion X & X753 satisfies ;(x) = 0 for every player P;(i = 1,2,3).

1: Begin

2: Pj cuts into three pieces so that the utilities of the picces is the same for P;.
3:  Let Xi, Xy, X3 be the pieces where tp (X1) = py (X3) = pp(X3).

4: I py(Xy) > py(Xy) then

5: P, cuts L from X; so that iy (X1) = pp(X,) where X; = X; — L.

6: Py selects the largest (for P3) among X', X;, and X3.

7:  If X{ remains then

8: P, must select X'y .

9: Let (P,, Py) be (P3, Py).

10:  Else

11: P, sclects X, (the largest for Py).
12: Let (P, Py) be (P, Ps3).

13: P obtains the remaining piece.

14: If Lisnot empty then

15: P, cuts L into three pieces (so that P, considers their utilities are the same).
16: Py, Py, and P, selects one picce in this order.
17: End.

Figure 1. Selfridge-Conway three-player envy-free cake-cutting protocol [12].



Xij(i,j = 1,2,3,i <j) such that any portion x & X;; satisfies t; x)=0, y]-(x) = 0, and pp(x) < O for the other player
Py.

X;(i = 1,2,3) such that any portion X & X; satisfies t;(x) = Oand p;(x) < O forj # i.

The remaining portion X, such that any portion X & X satisfies y;(x) < 0 for i = 1,2,3.

Then, the Selfridge-Conway protocol is executed among all players for X;53. Divide-and-choose is executed to X;; between P; and
P;. X is given to P;. Last, three-player envy-free chore division protocol [10] is exccuted for X,. Though this procedure achieves an
envy-free assignment, the procedure to initially divide the manna is complicated. The mixed manna must be divided into the above 8
pieces. Note that each of the 8 pieces might not be connected. For example, disconnected multiple portions might satisfy p1;(x) = 0
for all players, thus X;,3 might consist of multiple portions. Thus, the number of cuts to obtain the above 8 pieces is not bounded.
When P;(i = 1,2,3) needs to cut the manna ¢; times to divide into non-negative regions and negative regions for P;, the manna needs

to be cut ¢4 + €, + €3 times in the worst case. This paper considers reducing the procedure of the initial division.

IV. ANEW PROTOCOL FOR MIXED MANNA

This section shows a new three-player envy-free division protocol for mixed manna in which the number of the initial division is
reduced. Initially, cut the manna as follows:

X* such that any portion of x & X satisfies y4 (x) = 0.

X~ such that any portion of x & X~ satisfies y; (x) < 0.

Xt (X7 )is the portion with non-negative (negative) utility for P;. The manna must be cut ¢; times. Note that ¢; can be selected
as miin ¢;. Thus the number of cuts necessary for the initial division is reduced at least 1/3.  X*(X™) might consist of multiple
disconnected pieces. In the case, the disconnected pieces are collected to make one piece. X* and X~ might contain both positive and
negative portions for the other players.

First, we show an envy-free assignment of X* in Fig. 2, in which the Selfridge-Conway protocol is slightly modified. Initially, Py
cuts Xt into three pieces. If both of P, and Pj think at most one piece has a non-negative utility, an envy-free assignment is casily
obtained. If P, or P3 thinks that at least two pieces have a non-negative utility, the Selfridge-Conway protocol can be executed because
Py thinks any portion of X* has a non-negative utility.

[Theorem 1] The assignment result of X* by the protocol in Fig. 2 is envy-free.

(Proof) First, consider the case when both of P, and P5 consider that at most one piece among X7, X5, and X3 has a non-negative

utility. Consider the subcase when both of P, and Pj think the same piece, say X7, has a non-negative utility. P, and P3 execute

1: Begin

2: Py cuts into three pieces Xf, X2+, and X; so that yl(Xf) = /ll(X;) = ﬂl(X;).
3: If Py and P3 consider at most one piece has a non-negative utility then

4 If P and P3 consider the same picce (say, X{)hasa non-negative utility then
5: P, and P; execute Divide-and-choose on X7 .

6 P, obtains X5 and X3 .

7 Else

8 Each of P, and P3 obtains at most one piece with a non-negative utility.
9: P; obtains the remaining piece(s).

10:  Else

11: Let P, be a player who considers two pieces have some non-negative utility.
12: Rename the pieces so that U, X)) = u, (X2+) = Uy (X;)

13: Execute Selfridge-Conway protocol from step 3 with the three pieces.

14: End

Figure 2: Three-player envy-free protocol for X+



Divide-and-choose on X7. Let P, and P3 obtain X7, and X13, respectively. Since X{ = X7, U X and any portion of X; has a non-
negative utility for Py, pty (X15) < py (X{) = 3 (X3) and py (X75) < py (X7) = py (XF) hold. Since Py obtains X3 and X7, Py
does not envy P, or P3. P, and P3 do not envy each other because of the envy-freeness of Divide-and-choose. P, does not envy Pj,
since flz(X3) < 0 and p5(X3) < O hold. Similarly, P3 does not envy P;.

Next consider the subcase when there is no piece that has a non-negative utility for both of P, and P3. In this case, P; and P3 can
obtain at most one piece whose utility is not negative for the player. P; obtains the remaining pieces, which have a negative utility for
both of P, and P3. Thus, every player does not envy the other players.

Next, consider the case when one player, say P,, thinks two pieces have a non-negative utility. In this case, the Selfridge-Conway
protocol can be executed. The reason is as follows. P, can cut L from Xy if Py (X17) > pp (X5 since both of these utilities are non-
negative. Each player can select one piece among X 1*, X5, and X5. The assignment result is envy-free, since P3 selects first, there are
two equal utility pieces for P,, and P; can obtain one full-size piece (Note that any portion of X * has non-negative utility for Py, thus
Uy (X1’+) < py (X;H) holds). Envy-free assignment of L can also be realized. Even if the utility is positive or negative, P, can cut L
into three pieces with the same utility. P, does not envy any other players since the three pieces have the same utility. P}, does not
envy any other players since Pp, selects first. Py does not envy Py, since Pj does not obtain 1/3 of X * (Note again Py thinks any portion
of X* hasa non-negative utility). P; does not envy P, since Py selects before P, . Ul

Next, X~ needs to be assigned. We use the three player envy-free chore division shown in [10]. Since the protocol uses Austin's
moving knife procedure [1], the protocol is not discrete. Discrete envy-free chore division protocol in [7] or [12] cannot be used by a
similar reason why Selfridge-Conway cannot be used for mixed manna. The protocol in [10] is shown in Fig. 3. Let Y be the chore to
be divided. Note that the protocol assumes that any portion of chore has negative utility for any players.

This protocol cannot be used to divide X~ as it is because the players cannot execute Austin's moving knife protocol. Austin's protocol
by two player P; and P, for a cake X with positive utility is shown in Fig. 4. If both of P; and P, are honest, u;(X; U X3) =
i (X3) = 1/2p;(X) (i = 1,2), thus both players obtain half of the cake.

Austin's protocol cannot be used for mixed manna Y. Let us assume that Y5 is mixed manna for P;. If P3 has two knives, P3 cannot
move the two knives while keeping the utility of the portion between the two knifes is half. Suppose that pi3(Y,) = 10. P; initially
sets the left knife at the left end and the right knife at the position so that the utility of the portion between the two knivesis 5. Consider
the case at that position, the portion just right of the left end has a negative utility and the portion just right of the right knife has a
positive utility for P3. In this situation, moving the right knife to right increases the total utility between the two knives. Moving the
left knife to right also increases the total utility. Thus, it is impossible for P3 to move the two knives while keeping the utility the same

1: Begin
2:  Consider Y as a cake, that is, set each player's utility function p{ = —p; (i = 1,2,3).

3:  Execute a three player envy-free cake division protocol using ;.

4: LetY;(i = 1,2,3) be the portion P; obtained. (Note that P; thinks ¥; is the worst among three portions.)
5: Fori=1to3Do

6: P divides ¥; into two picces Y g and ¥; 1 so that g; (Yi0) = wi(Yi1) = 1/2m(Y0).

7 These two pieces are assigned to the other players so that P;(j # i) has gotten no worse than 1/2u;(Y;).
8

9

(The above assignment can be achieved by the following procedure:

P; and another player, say P;, executes Austin's moving knife procedure on ¥;.

10: Then Mi(Yi,o) = #i(YL‘,I) =1/2p;(Y;) and #j(yi,o) = #j(yi,l) = 1/2p;(Y;) are achieved.
11: The other player, Py, first selects one piece, ¥; 5 (@ = 0 or 1).

12: Then, (Vi) = tie(Vi1-q), therefore s (Y; o) = 1/2p(Y;) )

13: End

Figure 3: Three-player envy-free chore division protocol [10].



value (5). The above problem can be solved by modifying the protocol. At step 9, P; always plays the role of having two knives for
every division of ¥;({ = 1,2,3). The modified protocol is shown in Fig. 5.
[Theorem 2] The assignment result of X~ by the protocol in Fig. 5 is envy-free.

(Proof) Since the utility of any portion of X~ is negative for Py, it can be divided to achieve envy-free when —1 is multiplied to the
utility functions using Theorem 1. Suppose that P; obtains X; (i = 1,2,3). By the original utility, p; (X; ) < u;(X;) (i = 1,2,3,j #
i) holds. For X7 and X5, P; and P, execute Austin's protocol. Pj and P3 execute Austin's protocol for X3 . If Py has the two knives
in these executions, it is possible for P; to move the two knives while keeping the utility of the portion between the knives is always
1/2p, (X{), because any portion of X; has a negative utility for P;. While P; moves the two knives, the other player (P, or P3) can
say stop when the utility of the portion between the knives becomes half for the player, even if the piece is mixed manna for the player.
The reason is as follows. When Py initially sets the left knife at the left end of the piece, let the right knife is at some point p. At the
end of moving the knives, the left knife comes to p and the right knife comes to the right end of the piece. Without loss of the generality,
suppose that at the beginning P, thinks the utility of the portion between the two knives is more than half of the whole piece. In the
case, the utility of the portion from p to the right end must be less than half. Therefore, during moving the knives, there must be at
least one point when the utility of the portion between the two knives becomes the half of the utility for P,. The execution between
P, and Pj is similar to the case of P,.

Thus, the utility of the divided piece satisfies 3 (X7y) = 1 (X71) = 1/20 (X7), 12(Xio) = 2 (Xi1) = 1/2u, (X)) ([ =

1,2), and iy (X30) = w1 (X31) = 1/201(X3), and p3(X30) = p3(X31) = 1/2u5(X3).

Lets; € {0,1}(i = 1,2,3) be the index of the piece selected by P3(i = 1,2) and P,(i = 3). Since every player selects the better
piece, i3 (Xis,) = ts(Xiz-s,) (i = 1,2) and pp(X35,) = po(X31-s,) are satisfied. Therefore, pu3(X;5,) = 1/2u3(X7) (i =

1,2) and p, (X3:53) > 1/2u,(X3) are satisfied.

1: Begin
2: Pj has two knives. Pj sets the left knife at the left end of the cake X.

3 P; sets the right knife at a position that satisfies the utility of the portion of the cake between the two knives is 1/2p, (X).
4 If the utility of the portionis 1/2u, X)

5: P, calls “stop'.

6:  Else

7 Py moves the two knives simultaneously to right so that the utility of the portion between the two knives is 1/2p4 (X).
8 During the move, P, calls 'stop'if the utility of the portion between two knives is 1/2p1,(X).

9 When ‘stop'is called, Py stops moving the knives and cuts the cake at the positions of the two knives.

10:  The cake is cut into at most three pieces, X1, X5 and, X3(let X be the portion between the two knives).

11:  Pj and P; execute a coin-toss to decide which player obtains the pair (X1, X3) or Xj.

12: End.
Figure 4: Austin’s moving knife protocol [1].
1: Begin
2: Set each player's utility function pi = —p; (i = 1,2,3).
3:  Exccute the three player envy-free division protocol in Fig. 2 on X~ using ,u{.
4: Let X; (i = 1,2,3) be the portion P; obtained. (Note that P; thinks X;  is the worst among three portions.)
5: Fori=1to2Do
6: P; and P, execute Austin's protocol on X;~, where Py has two knives. Suppose that X~ is divided to X; 4 and X; ;.
7 P selects X or X; ;. The remaining piece is given to P3_;.
8: Pj and P3 execute Austin's protocol on X3, where Py has two knives. Suppose that X3 is divided to X3 and X3 ;.
9: Py selects X3 or X31. The remaining piece is given to P;.
10: End.

Figure 5: Three-player envy-free division protocol for X ™.



Py obtains Z7 = X515, U X315, P, obtains Z, = X115, UX3,,. Psobtains Z3 = X5 UXy, . The utilities of these

pieces satisfies the following inequalities.
1 (X31-s;) = 11 (X35,) and iy (X31-5,) = 1/20(X3) = 1/20(X7) = iy (X771, ). Thus p1(Z) 2 3 (Z).
m(Xz1-s,) = m(Xzs,) and iy (X31,) = 1/2pu01 (X3) 2 1/2p (X7 = pa (X1, Thus s (Z1) 2 s (Z3).
1 (X35,) = 2 (X31-s,) and pp (X715, ) = 1/2p(X7) 2 1/2p,(X3) = p2(X51-s,). Thus 45(Z2) = pp(Zy).
t(XT1—s,) = 2 (Xis,) and i (X355,) = 1/20,(X3) 2 1/20,(X7) = 12 (X3s,). Thus 1y (Z5) 2 pp(Z3).
pa(X3s,) = Ha(Xz1os,) and ps (Xis,) = 1/203(X7) = 1/203(X3) = pa (X351, ). Thus 3(Z3) = pa(Z).
13 (Xis,) = 3 (Xi1os,) and p3(Xz,) = 1/2u3(X5) = 1/2p3(X3) = p3(X35,). Thus pu3(Z3) = p3(Z,).

Therefore, envy-freeness is satistied. O

V. CONCLUSION

This paper showed a three-player envy-free division protocol for mixed manna. This protocol reduces the initial division by the naive
protocol. Note that the initial division might need many cuts, thus the number of cuts is not bounded. In addition, moving knife
protocols are not efficient. The most important open problem is obtaining a discrete protocol. In addition, each player’s role in the

protocol differs among the players and meta-envy [14] exists. A meta-envy-free protocol is necessary for the ideal fairness.
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